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ABSTRACT
This dissertation deals with the development of methods
for the analysis of space frames for the following three types of
failure: 1) plastic mechanism failure, 2) buckling failure, and
3) overall instability failure. The frames are assumed to be rigidly
jointed and are made of material with elastic and perfectly plastic
properties. All loads increase (or decrease) in fixed proportions
and their directions remain unchanged during the entire history of
loading. Numerical examples are given to illustrate application
of the methods developed.
In· the first type of analysis) an incremental method is
adopted, which traces the complete load-deflection curve of a
structure up to the formation of a plastic mechanism. An important
consideration in the analysis is the use of approximate yield con-
ditions which define the combinations of member end forces that will
result in plastic hinge formation. Two yield surfaces are used
in the solution of sample s.tructures; a spherical one and a polynomial
one. Results of analytical studies are compared with available
tests reported by previous investigators.
The buckling analysis presented in this dissertation is
based on the determinantal approach which makes use of the concept
that the determinant of the overall stiffness matrix becomes zero
at the critical load. Two problems are examined in detail in the
I
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sample probl~ms; one is the influence of warping restraint at member
ends on buckling strength, and the other is the bounding of critical
load for symmetrical frames. Analytical predictions made for a
sample frame shOw good agreement w"ith previous test results.
In the instability analysis, frames are assumed to fail
under the combine'd influence of yie Iding and loss of stiffness
because of the presence of axial forces. In formulating the
analytical procedure, the reduction in stiffness is included by
working with a set of algebraic equations governing the behavior of
a thin-walled member. These equations are developed as an approximate
solution to the three well-known basic differential equations for
biaxially loaded beam-columns. The approximate equations are then
used in the incremental method developed for the elastic-plastic
analysis. Numerical results obtained for sample frames show sig-
nificant reductions in the load-carrying capacity due to the
instability effect.
~, .._/ 1"-
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i. INTRODUCTION
Multi-story buildings are generally designed as assemblies
of plane frames. Columns in such a frame are designed to resist
the combined action of bending and axial compression. However, in
a·general building structure as shown in Fig. 1, each member is sub-
jected to biaxial bending, twisting and axial 'force. The combined action
of all the members provides the necess?ry resistance to the applied loads~
The manner in which these loads are resisted is usually very complex.
The main object of this investigation is to study the behavior and
strength of three-dimensional building frames under static loading
conditions.
The frames studied in this dissertation are assumed to have
rigid joints and all members in the frames are made of steel, which may
be idealized to have elastic and perfectly plastic stress-strain relation-
ships. The frame is subjected to vertical forces due to live and dead
load and horizontal forces in arbitrary directions due to wind or earth-
- quake as shown in Fig. 1. All loads are assu~ed to· increase proportionally.
Repeated loading and associated problems, such as stress reversal and
incremental failure are not considered. Each member may have a real hinge
at one end whi.ch causes release of the member end force (such as, columns
with pinn~d support at the base). Truss-type structures' are not included.
However~ in order to demonstrate the significance of the instability pro-
blem. tower-like rigidly jointed structures are also considered. Such
a structure is shown in Fig. 2.
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1.1 Behavior and Types of Failure for Space Frames
The structures shown in Figs. 1 and 2 may fail by 1) over-
all frame buckling, 2) format~on of plastic mechanism, and 3) frame
instability, depending on the loading condition and the geometry
of the structures. A brief description of these failures is given below,
using a planar portal frame as an example.
Failure due to overall frame buckling is illustrated in
\
Fig. 3. In this case, the frame is subjected only to gravity
loads acting at the column tops. There is no horizontal deflection
occurring any where in the structure until the applied load reaches
the critical value. The frame would then move suddenly to the
swayed position shown in Fig. 4 and at the same time large horizontal
deflection would take place.
If the frame is subjected to the horizontal loads orily~·,
the horizontal deflection increases as the app~ied load increases
(Fig. 5). The slope of the load-deflectton curve is gradually
reduced due to the loss of member stiffness caused by yieldirrg.
Finally, four sections, in this case, become fully plastified and
the structure reaches a mechanism state (Fig.6). When this occurs, the
structure is said to have failed by formation of a plastic mechanism.
The load-deflection curve becomes horizontal at the maximum load.
When the same frame is subjected to constant gravity and
gradually increasing horizontal loads, the combined effect of the above
two phenomena appears on the load-deflection curve (Fig. 7). In
this case, the elastic s'lope of the load-deflection curve and the
maximum strength are lower than the ca~e when the frame is subjected to
-5
horizontal load o~ly. This is attributed to three different effects.
First, the presence of axial force in the column reduces the full
plastic moment capacity of the section. Second, the same axial force
also reduces the bending stiffness of the column. Third, the product
of the axial force and the sway, deflection, the so-called Pfi moment,
acts as an additional bending moment due to horizontal load. After the
load-deflection curve reaches its maximum point, unloading takes place.
At this stage, the- P 6 moment is so excessive that a negative increment
of the horizontal load is necessary in order to maintain equilibrium.
The type of failure is referred to as instability failure, and is typical
for tall frames.
A number of important problems must be considered in studying
the load-deflection behavior of space frames. The most basic problem
is the establishment of a proper yield condition which defines the
capacity of a cross section to carry combined biaxial bending, twisting,
and axial compression. Consequently, the yield condition also determines
the applied load levels at which various plastic hing~s would form. When
the member force vector at a section satisfies the yield condition, a
plastic hinge forms. Then, during further application of the applied load,
this member force vector has to stay on the yield surface, or, incrementally,
has to stay on the tangent plane to. the yield surface. Also, plastic
deformation occurring at each plastic hinge during the subsequent incremental
loading has to follow the direction normal to the yield surface. From
these requirements, the reduced member stiffness of a hinged member can.
be derived.
~
I,
}
I
f[
l....,.'~'
1
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In addition to the yield condition, several secondary
problems are also important in affecting the strength and behavior
of ~pace frames. These are: reduction of member stiffness by member
forces, instability failure of individual columns, overall frame
buckling and instability failure. The last two have been briefly
described in Sect.' 1.1. In the current literature, two types of
analyses are often referred to. One is the "first-order analysis"
which neglects the secondary effects. The other is the "second-
order analysis" in which the secondary effects are properly included
in the basic formulation.
In this dissertation, both first-order and second-order
elastic-plastic analyses will be presented for spac~ frames sub-
jected to combined gravIty and lateral loads. A spherical yield
surface is used in most of the analysis. One sample frame is also
analyzed using a polynomial yield surface. The details of the
yield surfaces will be discussed in Chapter 2. Also included
in this dissertation is a study of the buckling strength of space
frames under gravity load, together with an examination of the
possible b~ckling modes associated with such frames.
1.2 Review of Previous Research
In this ,section, a comprehensive review of the available
literature on the problems mentioned in Sect. 1.1 is peresented.
Also included in this review is a summary of the present state of
art in the analysis of space frames under various types of applied
loads.
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1.2.1 Yield Condition for Combined Loads
When a menilier is subjected to combined loads, plastification
is ·initiated all some part of the critical cross section and gradually
spreads until the whole section is plastified. Studies have been
made on the ,limiting combinations of the applied stresses for
several types of cross sections.
Handelman formulated the yield condition for a general
cross section subjected to bending and twisting by the variational
principle.(l) Hill and Siebel studied the elastic-plastic relation-
ship between the bending angle and twisting angle for a thin tubular
section. (2) Siebel performed tests of thin cylinders subjected
to. bending and twisting and compared the results with theoretIcal
d .'. (3)pre 1ct10ns. Several tests of members of solid circular section
Since Handelmanfs equation cannot be solved explicitly,
were conducted by Hill and Siebel, and the results were compared
numerical methods must be used in o~taining the interaction relation-
2
cr
o
=cr 2 + 3{~ 2 + ~ 2)
x xy xz
interaction curves between bending and twisting for rectangular,
ships. Steele, using the finite difference method, obtained solutions
for a square section. (5) Gaydon and Nuttall(6) obtained approximate
von Mises' yield criterion under- combined shear stresses f and ~
xy xz
and normal stress cr was used. The yield criterion can be written as:
x
where cr is the yield stress of the material under simple tension.
o
with the theoretical values derived by them, using the upper and
lower bound theorems. (4) In the theoretical,analysis stated above,
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wide-flange and box sections using the method of upper and lower bounds
given by ,Hill and Siebel. Imegwu employed the relaxation method
to solve Hanqelman's equations, and obtained numerical solutions
for solid square, circular and triangular cross sections. (7)
For the cross sections subjected to axial force and
biaxial bending several solutions have been obtained recently.
Pfrang and Toland assumed a stress distribution in wide-flange sections
that satisfies the 'yield condition and equilibrium, and obtained
interaction surfaces for combined axial force and biaxial bending. (8)
Using the lower bound approach, Bruinette found solutions for a
obtain an exact solution.
. Both the upper and the lower bound spproaches were used to
thin-walled rectangular and wide-flange sections. It was assumed
Solutions were also obtained
factor which represents the effect of the twisting moment. Santathadaparn
and axial force, but with all the coordinates reduced by a common
the yield surface is the same as that for combined biaxial bending
fully plastic distribution, as given by the Membrane Analogy. Therefore,
bound approach was,used for solid rectangular, thin-walled circular,
that 'a torsional shear stress distribution was proportiona~ to the
Morris and Fenves developed interaction formulas for
combined biaxial bending, axial force "and twisting. (10) The lower
the interaction between axial force and biaxial bending for a
number of wide-flange sections which are most commonly used. (11)
for wide-flange sections by considering a wide-flange section as
an assembly of rectangular elements. (9) Santathadaporn investigated
number of rectangular cross sections.
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has extended his study to the case when the cross section is ,subjected
to St. Venant or warping torsion, in addition to axial force and
biaxial bending and discussed the effect of such torsion on the
· Id d·· (12)Y1e con ~t~on.
The yield condition cannot be expressed by a single
equation because of' the location of the neutral axis in the cross
section. For example, the yield surface for a wide-flange section
has 17 segments depending on the location of the neutral axis. (10)
Bruinette proposed the use of a polynomial yield condition for the
analysis of space frames, and obtained it by the least square
method from the nu~erical solution.
1.2.2 Plastic Limit Analysis of Space Frames
Several investigators have examined the methods for plastic
analysis of space frames. Heyman described a method based on the
upper bound approach. (13,14) The upper bound approach requires
three equations defining, respectively, the ~ate of work done,
the yield condition and ·the flow'rule. He analyzed a right-angle
be~t subjected to an out-of-plane concentrated load and transversely
loaded square grids in which the members had a thin-walled rectangular
cross section. In another investigation by Heyman, three different
types of grids were also tested. (15)
Hodge and Sankaranarayanan approximated the yield surface
for bending and twisting by a yield polyhedron, and applied it to
solve the ultimate strength of the right-angle bent. subjected to
· 1'·· ·1 d (16) h b han 1nc 1ned out-of-plane oa. T e interaction etween t e
ult~mate strength and the ang~e of inclination was shown.
I
I
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In Heyman's studies the following yield condition was used:
2
M (1.1)
where M and T are the applied bending moment and twisting moment,
respectively, and M is the full plastic bendi~g moment. Martin used
o
= (1.2)
as the general yield condition, where ~ is a constant. If the von Mises
yield condition for combined normal stress cr and shear stress T
+ 3 ,.2 =
. 2
cr
o
(1.3)
is assumed, ~ 2is obtained as /3 and Eq~. (1.1) and (1.2) become
identical. Martin found that the type of failure mechanism varies
and depends on the location of ~he load on a right-angle bent. (17)
Imegwu derived the equ~tion which relates the' ultimate
load of a circular girder subjected to an out-af-plane concentrated
load, the location of the load, the location of plastic ~inges
and the value of ~ mentioned above. (18) Numerical solutions to
several simple problems were also obtained.
1.2.3 Elastic-Plastic Behavior of Space Frames
The load-deflection curve of a space frame can be obtained
. by the method of incremental loading. Once any member end force
satisfies the yield condition, a plastic hinge is inserted to the
original frame and the incremental load is applied on this hinged
-11
frame. The relation between the incremental member force and the
incremental deformation at the plastic hinge is formulated by the
flow rule. Other portions of the frame remain elastic. Then the
new relation between incremental load and deflection for the hinged
frame is obtained. Using this method, Martin obtained the load-
deflection curves of right-angle bents under transverse loading(20) and
of fixed-end beams under several concentrated loads. (21) Experiments
were also performed on a portal frame subjected to in~ and out-of-
plane loads. In addition to these experiments, the test results of
curved girders under transverse load by Boulton and Boonsukha(19)
were used to discuss the yield load and large deflection of the
structures. Several grids were tested and values of S were
obtained from the test results.
Bruinette solved a fixed-end beam, a right-angle bent, a
grid, a two-story plan~ frame and a general type of space frame.
The yield condition was approximated by polynomial functions, and a
. small amount of violation of the yield condition at plastic'hinges
was allowed. (9)
Morris and Fenves developed a computer program to analyse
the elastic-plastic behavior of a space frame. (10) For a member
which has plastic hinges, the modified member stiffness can be
obtained by the flow rule. Applying the incremental loading process,
the entire load-deflection curves were obtained for portal frames,
right-angle bents, a continuous beam, a grid and a general .type of
space frame. The method is very systematically explained by using
matrix algebra.
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Harrison tested frames each of which has a triangle'~shaped
roof, and rectangular space frames which were subjected to several
kinds of horizontal loads on the top of one of the columns. (23) The
ultimate load of each of those frames was predicted, assuming the roof
to have a rigid-perfectly plastic 'type of bending moment vs. curvature
relationship and using equilibrium equations between horizontal
reactions in columns and the applied load ..
Ovunc analyzed a rectangula! space frame subjected to
several types of joint loads and member loads, in addition to a
horizontal load. (24) The effect of the change of the geometry due to
deflection and the effect of instability were included.
Yoshiki, Fujita and Yoshida studied the ultimate strength
of a rectangular space frame and its component parts by the mechanism
method and by the linear programming method using Hodge's yield
polyhedron. (22, 25) The results of experiments were compared with
theoretical predictions .. The same.type of frame was also studied by
Ueda, Yamakawa, Akamatsu and Matsuishi, using the method of incremental
loading. (26)
1.2.4 Elastic Buckling of Space Frames
It is known that the bending stiffness of a member
deteriorates due to axial force. (27) Therefore, the overall stiffness
for the entire frame gradually deteriorates as the axial force in
each member increases. The elastic buckling load is the load at which
the determinant of the overall stiffness matrix becomes zero. This
determinantal approach to the elastic buckling load is most commonly used,
-13
although it is sometimes difficult to confirm that the load obtained
by this approach is the lowest one.
In most of the work done so far, it is assumed that the
out-af-plane deformation or the member end force does not affect the
in-plane action. On this assumption, three differential equations
can be obtained for biaxial bending and twisting. Reduced
bending stiffness and twisting stiffness are given ~y solutions'
of ,these differential equations. Livesley expressed the reduced
stiffness in the form of "stability functions" multiplied by the
original stiffnesses. (30) These functions were expressed in several
f b h · · (28, 29) -arms y ot er ~nvest1gators.
LeRoy analyzed and tested space frames with triangle-
shaped roofs, subjected to several types of vertical loads on the
columns. For the analysis it is assumed that two buckling modes, namely
sway along an axis of symmetry of the triangle, and twisting about
-the instantaneous center of the triangle, are possible. Analytical
results show fair agreement with the test results. (31)
Renton performed buckling tests of two--story br.aced rec-
tangular space frames, as well as analyses of these frames. (32)
Using stability functions, complete stiffness matrices for mono-
symmetrical sections were developed, including the effect of gusset
plates. .The solutions showed good agreement with the tests. Citipi tioglu
discussed the determinantal and the convergence criteria for the buckling
of space frames. (34) Space frames with pre-buckling moment were solved,
USing the convergence criterion. It is concluded that the pre-
buckling moment caused less than 10% reduction in the buckling load in
-14
the examples. This is consistent with the observation of Lu for
the case of portal frames with pre-buckling moment. (33) The same
procedure was employed by Vaart to obtain the buckling load for
space frames, subjected to distributed loads on the beams. (35)
Hartmann and Munse investigated the out-af-plane buckling
of por~al frames, which were laterally supported by springs at the
tops of columns. (37) Loads were applied on the beams or on the tops
of the columns. The interaction relationship between the buckling
load and the value of the spring constant was developed, and the de~
fleeted shapes of the frames at the instant of the buckling, that is,
the distributions of the lateral-displacement and the twisting angle
along the members, were also investigated.
In the case of nonlinear buckling problems, iteration is
necessary in order to obtain the' correct deflected configuration
of the structure. This will be discussed in Chapter 3. For this
type of problem, numerical examples were given by Tezcan and
Ovunc for a three-hinged arch) a circular arch and a parabolic
dome, subjected to a vertical load on the crown. (38) The iteration
method is essentially the same as the convergence method presented
.by Citipitioglu.
McVinnie and Gaylord performed the inelastic buckling analysis
of rectangular space frames, subjected to distributed loads on the
beams. (39) They assumed that deflections and rotations are caused only
by bending, and extended the method presented by Lu for plane frames. (36)
Some interactions between inelastic and elastic buckling loads, and
failure mechanism load are shown, and a ~imple extension of Lu's
formula is suggested.
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discussed in Chapter 3, the method of exciting a certain buckling
As will be
In spite of extensive investigations of the buckling load',
mode is rather tedious for the case of a complicated space frame.
little information is available on buckling mode.
Most recently Kabaila and De Veubeke have succee-ded in formulating
the buckling problem as an eigenvalue problem, using the finit~
element method. (40) They obtained the buckling loads and the
corresponding modes for several space frames.
1.2.5 Beam-Columns under Biaxial Bending
Elastic-plastic behavior of space frames including the
instability effect, depends on the behavior of the indiviqual members.
Exte,nsive investiga tions have been carried out 011 the behavior of
beam-columns under biaxial loading. For example', the differential
equations of the deflected member subjected to axial force >and biaxial
bending, were given by Galambos. (49) A complete formulation for a
member subjected to distributed lateral loads in. two directions,
distributed twisting moment alo~g the longitudinal axis, axial force,
biaxial bending moment and twisting moments at both ends, was given
by Steinbach. (44) Recently, a review ,of previous work on beam~
I
I
i~
l
t
t
columns under biaxial bending was prepared by Santath~daporn and
Chen. (50)
For' an eccentrically loaded column, three simultaneous
differential equations were developed by Goodier.(4l) An approximate
Solution in closed form for the deflectionwas'~btainedbY'Thur~imann(42)
and Dabrowski. (43) Thurlimann discussed the effect of the initial
twisting angle given as an ilnperfection. Prawel and Lee -gave
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numerical solutions for the same problem, using an electrical dif-
ferential analyzer. (46) Recently, an exact solution was obtained by
Culver. (48) All of the above mentioned investigators worked with a
l4~43 column with eccentricities of 5 inches in two directions at
both ends of the column. Culver compared the maximum deflections in
two directions and the twisting angle given by each investigator with
his own, and concluded tha~ Thurlimann'~ solutions were closest to the
exact ones.
Inelastic behavior of columns under biaxial loading has
been investigate~, assuming elastic-perfectly plastic stress-strain
relationship for the material. Sharma and Gaylord assumed sinusoidal
displacements in two directions and twisting angle along the longitud-
inal axis of the column, and considered equilibrium at mid-height. (47~
Once a deflected shape is assumed, the stress and the strain distribu-
tions can be obtained at the mid-height section, and consequently the
axial force and the internal moments can be evaluated. Birnstiel
. '. (45)
used a different approach. He ·started the computation by assuming
the values of the second derivatives of the deflections J and the load-
deflection curve was obtained by repeating the trial-and-error process
until equilibrium between the internal force and the applied load was
.satisfied. Santathadaporn has succeeded in developing the relationship
between external forces and incr~mental deformations based on the deflect-
ed Coordinate system, and has formulated it in matrix form for ease in
Computat. (12)10n. He has found that the higher order terms) such as the
product of lateral displacement and the angle of twist, which were neglected
1n the previous studies, have significant effects on the determination of the
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·deflected configuration of the column, particularly when the column
is a wid~-flange section.
Investigations on the load-deflection curve of space frames,
including the instability effect has recently started. Ovunc analyzed
rectangular space frames under various loading conditions, accounting
for the finite deformation effects, the reduction of plastic moments
due to axial force, and the change in flexural stiffness caused by
axial force.(24)
1.3 Objective and Scope of the Study
The objective of this study is to develop analytical methods
fo-r pred'icti~g the behavior and the load-carrying capacity of space
frames nnder various types of applied loads.
The scope of this investigation includes:
1. Theoretical studies of the elastic-plastic behavior
of space frames, excluding any instability effect of the
individual ~embers and the overall frame.
"2. Theoretical studies of the buckling strength of space
frames subjected to gravity loads.
3. Development of a method of analysis which takes into
account the instability effects.
An elastic-plastic analysis of space frames, ignoring the
effect of" instability) is presented in ~hapter 2. This type of
analysis is referred to as "first-order analysis" in Sect. 1.1.
The as'sumptions employed and a .schernatical load-deflection curve of
a..typical space frame are discussed. Matrix formulation for the
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solution of elastic structures is presented. The yield condition
. which determines the load levels at which the various plastic hinges
would form in the frame is described. The plastic deformation
occurring at each hinge is then defined by the flow rule. With
the plastic hinge action known, the modified stiffness of a hinged
member can be formulated. Using the relationship between the incre-
mental member end force and the incremental joint force, the
structure containing plastic hinges is analyzed for the incremental
loading. Cumulative structural responses after repetitions of
incremental loading, and the eventual failure due to formation of
plastic mechanism, are described in detail. In the last part of
Chapt~r 2, several numerical examples are given to illustrate the
method.
In Chapter 3, a buckling analysis of space frames is
presented. First,. a determinantal approach for obtaining critical
load corresponding to buckling mode is introduced. Deteriorated
bending and twisting stiffnesses-of individual members due to axial
force are formulated, and the procedure for numerical computation
is discussed. It is ShO\VD that the boundary conditions assumed for
warping a~fects the twisting stiffness. Three types of deteriorated
tWisting stiffness, each for a given type of boundary condition, are
developed. Several sample frames are solved and the relationships
between the value bf the determinant of the overall stiffness matrix
and applied load are given. A study of the influence of the
aSSumed boundary conditions for warping on the buckling strength is
also presented.
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In Chapter 4, the second-order elastic-plastic analysis
of space frames is discussed, including the effects of member and
overall frame ins~ability. Assumptions and 'typical load-deflection
relationships obtained are described. To compute the reduced
stiffness of a member subjected to combined forces at its ends,
three simultaneous differential equations which express the deflected
shape of the member are introduced. Approximate solutions of the three
equations are developed, and compared with solutions given by the
finite difference method and by a previous investigator. Making
use of the approximate solution, reduced stiffness matrices
which relate the member end forces and joint displacements are
developed. The incremental loading procedure employed in Chapter 2
is applied to obtain the load-deflection relationships of space
frames. Some illustrative examples are given, and the results
are compared with those obtained by the first-order analysis.
Chapter 5 includes the conclusions cirawn from this study,
and some suggestions for future investigations.
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2. FIRST-ORDER ELASTIC-PLASTIC ANALYSIS OF SPACE FRAMES
2.1 Introduction
2.1.1 General Formulation of the Problem
Each member in a three-dimensional frame is subjected to
axial force~ shear forces in two directions, biaxial bending moments
and twisting moment, whereas each member in a plane frame is subjected
to axial force, shear force and bending moment. In other words, each
member is subjected to member end force vectors at both ends whose
components are six instead of three. Also, each joint is subjected
to a displacement vector whose components are six .. Therefore, the size
of.~he~stiffnessmatrix of a member becomes larger; namely a (6x6) matrix.
For the member shown in Fig. ~, the relationships between
member end force vectors and displacement vectors are
(2.1)
t
YI~.:··•.;·:·' \
\'
= k Uba a
At every joint, the applied load and the sum of· the membet end
forces are in equilibrium. Thus,
=
-mE F = '0
i (2.2)
Where
-mF.
1
=
=
member force vector at end i of member m associated
with the global system x-y-z
joint load acting on the joint i.
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A typical joint i, as shown in Fig. 9, is subjected to a
joint load vector p. and end force vectors which are transmitted
1.
from members directly connected to the joint. Substituting Eq. (2.1)
into Eq. (2.2) leads to the following equation of equilibrium:
-1 -m -np.:: F. +F. +F.
1. 1. 1. 1.
= (k1 + kID + kn ) ii + k.:J. ii;. kID ii + itn u
ii ii ii i ij j ik k in n
(2.3)
-1
where k .. is a stiffness coefficient of the member 1. This type of
1.J
equilibrium equation can be written for every joint in the structure.
A system of simultaneous equations defining the relationships between
the applied loads ~nd the joint displacements may then be obtained,
such that,
where .
p =
P = K U
u ==
(2.4)
for n joints
The matrix K is commonly referred to as the "overall stiffness matrix".
2.1.2 Assumptions
The following assumptions are made in the analysis to be
presented in this chapter:
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a) Material
1. The stress-strain relationship is linearly elastic and
perfectly plastic. The stress-strain characteristic is
time independent. .This implies the material is stable
according to the definition given by Drucker. (51)
2. The yield shear stress T is equal to a//3 according
o 0
to von Mises yield criterion.
b) Plastic Hinge and Yield Condition
1. The initial and the limiting yield conditions are
. identical for all cross sections. The cross section
makes an abrupt transition from an elastic state to
a state where all fibers are stressed to the combined
yield stress level.
2. The yield condit~on is expressed by spherical sur-
faces or surfaces given by polynomial functions of
the force vector. The yield condition will be di~-
cussed in detail in Sect. 2.3.1.
3. For additional incremental loading, the displacement
vector at a plastic hinge is specified by the flow
rule.
4. Bending shear stress -does not affect the yield con-
dition.
5.. No strain reversal occurs at plastic hinge points.
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c) Members and Structures
1. All members have doubly symme trical cross sections
and are prismatic 1
2.' The warping rigidity of a cross section is ignored.
3. The shear distortion is ignored.
4. Initial stresses, such as residual stresses, and
initial deflections are ignored.
5. For simplicity, member release occurs only at the
member ends, and· no member has releases at both
ends.
d) Loading.
1. The structure is loaded by concentrated loads at
the joints, and a finite number of concentrated
loads on'the members. Consequently, the only pos-
sible plastic hinge locations are the points of
intersection of the longitudinal axes of members,
and the loading points on the members.
2. The loads considered are proportional.
e) ~nstability
1. Deterioration of the member stiffness due to the
existence of combined stresses is ignored.
2. Secondary effects, such as the P-6 moment) are ignored.
3. It is assumed that any possible buckling of the whole
structure (or any portion of the structure).does not
occur) and that buckling of individual members or
local effects) such as web crippling, can be igno~ed.
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2.1.3 Theoretical Load-Deflection Curve
The load-deflection curve of a structure can be obtained
by solving Eq. (2.4) step by step for successive incremental loadings.
A typical load-deflection curve is shown in Fig. 10.
The structure is first subjected to the initial loading
(1). At a certain level of load, the first hinge forms in a member
in the structure. At this instance, the member end force vector at
the hinge reaches the yield surface. To avoid any violation of the
yield condition at that hinge, the member end force vector is reduced
before the application of the ne~t set of incremental load. This
process gives a flat portion of the load-deflection curve (2),
which will be discussed later.
The stiffness of the member that has the plastic hinge
is modified according to the flow rule. During the application
of the next load increment, the reduced member end force vector at
the plastic hinge moves on a plane, which is parallel to the tangent
plane to the yield surface at the point that the member force vector
has reached. A set of load increments is then applied, and a second
hinge forms somewhere else in the structure (3).
Steps 2 and 3 are repeated until a failure mechanism forms
in the structure. Since this is the first order analysis, that is, any
instability effect is ignored, unloading can not be observed on the
load-deflection curve. When the structure reaches the mechanism state,
the overall stiffness matrix K, or the individual member stiffness
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k,becomes singular. Therefore, for an additional increment of load,
Eq. (Z.4) does not have a unique solution. In certain cases, the
results may indicate strain reversal, occurring at the plastic hinge
points. Thus, the load-deflection curve after the formation of
failure mechanism is always horizontal (4).
2.2 Elastic Loading
In the initial loading stage the response of the structure
is always elastic (portion 1 of the load-deflection curve shown in
Fig. 10). Details related to the analysi~ for the initia~ loading)
such as the elastic member stiffness, member release, and load
factor, are discussed below.
2.-2.1 Elastic Member Stiffness Matrix
Consider a cantilever subjected to a force vector on its
tip (Fig. 11). The relation between the applied force vector and the
displacement vector at t~e tip of the cantilever can be written in .
the foll~ing form, neglecting the warping rigidity.
P AE 0 0 0 0 0J.. ux x
12EI 6El'
p 0 z 0 0 0 z7 -7 uy y
12EI 6EI
p = 0 0 ----.:t. 0 ..---J:..
z L3 . L2
M 0 0 0 GJ 0
x
6EI 4EI
M 0 0 --Y 0 ..---J:..y L2 L
6El
M 0 z 0 0 0--2-
z L
o
- 0
o
4EI
z
L
u
z
(2.5)
e
x
8y
e
z
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or on the simpler form
(2.6) ·
where Fb = member end force vector at end b
u b
= displacement vector at end b
kbb = member stiffness matrix) which relates member end
force at b and displacement at b
The quantities in Eq. (2.6) are all associated with the local or
member coordinate x-y-z. The x-axis always coincides with the longi-
tudinal axis of the member. The y-and z-axes coincide with the two
principal axes of the cross section 'of the member. For the member
shown in Fig. 8,
F
a
=
= (2.7)
where again all quantities are associated with the member coordinate
system x-y-z. Since member forces are in equilibrium,
F = T Fba
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
where T =
0 0 0 1 0 0
0 0 -L 0 1 0
0 L 0 0 0 1
L = distance be tween the ends a and b
Substitution of Eqs. (2.7) into Eq. (2.8) leads to
k =
- T k and k = - T k bbaa ba ab
(2.8)
(2.9)
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Making use of the properties, kba = (kab)t and kbb
stiffness matrices are obtained as
k
ab = T kbb , kba = - k T
t
bb
and k = T kbb T
t
aa
where T t is the transposed matrix of T.
(2.10)
It is more convenient to express all the quantities in
the global coordinat.e system, in order to obtain the simultaneous
equations for the entire structure. The member end force vector
and the displacement vector are converted to the global system
- - - using the rotation matrix R for a member,x-y-z)
F = R F
u = R u
where
'J- v- \)-xx yx zx
\)- 'J- v- 0
xy yy zy
v- 'J- v-xz yz zz
R =
\)- v- . \)-
xx yx zx
0 v- \)- 'J-xy yy zy
\)- 'J- v-
xz yz zz
(2. 11)
(2.12)
(2.13 )
F) u = member end force vector and joint d!s21~cement vector,
associated with the global system x-y-z.
x) y, z = member coordinate system as shown in Fig. 12.
x) y; z = global coorginate system as shown in Fig. 12.
'V~. = cosine of the angle between the axes i and j1J (I = x, - zand j z)y, = x, y,
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From Eqs. (2.7), (2.11) and (2.12) and using the property that Rt =
-1R , the following expressions for Fa and Fb are obtained:
F = R F = R k (Rt u) + R k b (Rt u)
a a aa a a b
= R k R
aa
(2.14)
The above equations can be written in a form analogous to Eq. (2.7)
(2 •.15 )
(2.16)
2.2.2 Modified Stiffness for Member with Releases
~ Consider the member shown':Ln Fig. 13" which has releases at
end A. At the other end member force vector Fb is applied and the
reaction f.orce vector at the end A is F. Displacenlent vectors at
a
both ends are given as u
a
and ub •
Vectors B.'s are now introduced, indicating the element of
1
the reaction vector that is released. The vector Bi has six components
The element which corresponds to the released reaction force is always
equal to 1.0 and all the others are zero. If tw.o elements of the reaction
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force are released, B1 and B2 have to be specified. For example, if
a hinge forms at A, such that the bi-axial bending moment and the
twisting moment are released, the corresponding vectors are
0 0 0 p
x
0 0 0 py
0 0 0 p
z
B1 = "B
= B3 = (2. 17 )1 2 0 0 M
x
0 1 0 M
Y
0 0 1 M
z
The displacement vector at A, u , can be separated into two
a
e . r
parts, the elastic distortion u and the released part u. From the
a a
campa tibi lity cond i.t ion,
u
a
= o . (2.18)
Relations between the force vector and the displacement
vector are defined by Eq. (2.7), thus,
\a e + kbbFb = u u ba
Fa = k
e
+ k
ab libuaa a
The displacement caused by the· releases is ·given by
(2. 19)
(2.20)
where ~.IS are scalar coefficients. Since the elements of the reaction
~
vector which correspond to the releases have to be zero,
-30
t F 0B1 =a
.
B
t
'J.' = 0 (2.21)2 a
Bt F = 03 a
Substituting Eqs. (2.19) an~ (2.20) into the first of Eq. (2.21)
leads to
Similarly (2.22 )
Defining ~he matrices C and M as
B~ M = (2.23 )
Equation (2.20) can be written as
r eMu =
a
From Eq. (2. 18) e
- eMu =a
Substituting Eq. (2.24) into Eq. (2.19) gives
F == - k eM + k b u ba aa a
(2 .24)
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tEq. (2.21) can be written as C F = O. Multiplying both sides of
a
the above equation by Ct , gives the expression,
(2.25)
This is the same as Eq. (2.22). It is therefore easily seen that
M =
Substitut·ing this into Eq. (2.24) leads to,
Thus, the force vectors can be written as functions of ub, only,
t -1 t }F = {k - k C (C k C) C k
ab U ba ab aa aa ,(2.36 )
The modified member stiffness matrices are given by
M k bb - k (C
t k C) -1 Ct kk bb = Cba aa ab
kM = k
ab k C (C
t k C)-l Ct k
ab (2.27)ab aa aa
2.3 Plastic Hinge Formation and Member Force Reduction
2.3.1 Yield Condition
When at any point on the axis) the member force vector
satisfies the yield condition, a plastic hinge is assumed at the point,.
and the structural response to further application of load will be
different. The yield condition is a function of the combined stresses
acting on a cross section. Since, the bending shear stresses are
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assumed not to affect the yield property of the material, the yield
condition can be written as a function of the axial force P , the
x
twisting moment M , and the bending moments M and M. Usually
'x y z
the yield condition is a very complicated function of the applied
stresses. It can not be expressed by a single mathematical function,
because it often has different forms, depending on the location
of the neutral axis, as mentioned in Sect. 1.2.1. To avoid the
tediousness of selecting the correct yield condition for each
given member end force vector, and to reduce 'the complexity in
computation, it was decided to express the yield condition by
only one equation. In this report two types of yield conditions
are assumed.'
a) Spherical Yield Condition
The spherical yield condition is expressed in the following
form:
Each of the denominators is the value which causes a fully plastifled
cross section, when the corresponding element of the member end
force vector acts alone on that cross section. The denominators
are given by
p = Acr
xo 0
M = Z 0'yo y 0
M = Z cr
zo z 0
where cr
o
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= yield strength of the material
A
z ,zy z
=
=
area of the cross section
plast.ic moduli of the cross section about y-and
z-axes,respectively.
Since only St. Venant torsion is considered in the first-
order analysis, M takes the value at which the St. Venant shear
xo
stress reaches the yield shear stress ~ throughout the section.
o
T is given by the von Mises yield condition,p
Therefore, for each thin rectangular element of the cross section,
M is given by
xo
M
xo
,-
o
using the Membrane Analogy as shown in Fig. 14. £ is the length of
the element and t is the thickness of the element.
In Fig. 15, the spherical yield condition is compared
with the exact solution for the following cases of combined loading:
1) axial force and bending moment on a rectangular section, 2) biaxial
bending moments on a wide-flange section, 3) twisting and bending moments
On a solid circular section, and 4) axial force and bending moment
about the strong axis of a wide~flange section. 'The assumed spherical
yield 'condition is a circle in the two-dimensional coord~nate system.
The spherical yield condition appears to be an upper bound for cases
(1) and (4),and a lower bound for case (3).
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The spherical yield condition has one major advantage:
The normal vector at any point on the surface is easily obtained.
There are no discontinuous ·points or corners on the yield surface.
b) Yield Condition Specified by a Polynomia~ Function
,A more accurate yield condition can be developed by fitting
the exactly computed points on the yield surface with a polynominal
function. For the case of combined biaxial bending and axial force,
the following polynomial has been proposed by Bruinette:(9)
(2.29)
where
p = p Ip
x xo
y = M 1My yo
z = M 1M
z zo
The A.' s are unknown coe fficients and. can be de termined by the least
1.
squares method. The data used in this study for determining the
coefficients were computed by Santathadaporn for a 12~79.shape. (11)
The coefficients thus determined are:
~1 3.489708 A7 = -5.688665 A.13 = 2.209103
2.523469 -6.738113 A14 = 2.864298A2 = AS =
A15 = 3.143256A3 = 3.398369 Ag = -5.210651 A16 = 2.521178 (2.30)
A4 == -4.028799 AlO = 1.540177 Al7 3.106264=
AS = -2.045988 All = 0.522171 A18 = 1.812010
A6 = -3.804714 Al2 = 1.408034
A19 == 4.453830
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When a twisting moment also is.present, Bruinette suggested
the following modified polynomial func~ion:
2222244 4 2 2(AlP + A2Y + A3Z )(1 - x) + (A4P + ASY + A6Z + A7P Y
2 2 2 2) (1 . 2) ,6 6 6 2 4
+ ASP Z + AgY Z - x + AlOP + AllY + A12Z + A13P Y
2 4 4 2 2 4 4 2 4 2 222
+A14P Z +A1SP Y + A16y Z + A17 P Z + A1SY Z + A19P Y Z
+ 3x2_ 3x4 + x6 = 1
where
x = M 1M
·x xo
M = full plastic twi~ting moment due to St. Venant
xo
torsion
(2.31)
This equation shows that the yield surface is reduced in size because
of the added twisting moment. Using the data computed by Santathadaporn,
the accuracy of the predictions given by the polynomial yield con-
dition is checked. Santathadaporn's data were obtained by considering
the cross section subjected to a twisting moment due to warping
and St. Venant torsion, in addition to axial force and biaxial
bending. M thus employed to check the discrepancies, takes on
xo
the value of the full plastic twisting moment due to warping,
instead of St. Venant torsion suggested by Bruinette. The full
plastic twisting moment due to warping is given by
where
M
xo
b = wid,th of flange
=
t f = thickness of flange
d = depth of wide-flange section
This has been found by considering a distribution of shear stress as
.,;;36
shawn in Fig. 16. The discrepancies are shown in Table 1, where
Mst MW Mst and MW are the applied twisting moments due to
x' x' xo xo
'warping, St. Venant torsion, and their maximum plastic values,
respectively; and M is the total applied twis,ting moment. Exact
x
solutions are shown in columns 1, 2, 3 and 6 of Table 1, in non-
dimensionalized form. These values are substituted into the left
hand side of Eq. (2.31), and the resulting values are given in
column 7. The residual values are given in Column 8. It is seen
\
that very good agreement is obtained, using,the polynomial function.
However, this is only for the 12~79 shape. For other shapes,
the A.'S may differ somewhat from those given by Eq. (2.30).
1.
In the present calculations, the same A.'S are used, regardless
1.
of the cross section.
2.3.2 Dimensional and Nondimensional Unit Normal Vectors to
the Yield Surface
a) Spherical Yield Surface
The spherical yield surface in ehe dimensional force space
as given by Eq. (2.28), can be written in the nondimensional force
space as
2 2 2 2 1P + Ill. +m.y +m =x x z
where
Px =
p !p
x xo
m = M 1M
x x xo
m = M 1My y yo
m = M 1M
z z zo
(2.32)
(2.33)
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These two yield surfaces and member force vectors are shown in Fig. 17,
using two typical force components F1 and F2 - The nondimensional
force vectors are
where FlO and F20 are the full plastic values corresponding to F1
and F2,respectively.
f
1 =
The unit. normal vector in dimensional form is,
,',
(2.34)
(2.35)
o
o
(M )2
yo .
M
x
My
M
z
o
p
x
o
m·y
(M )4
zo
M 2
z
+
2
m
Z
1
2
My
m
2
+y
1
M 2
x +
(M )4
xo
p
x
+ m 2 +
x
+
n =
and in nondimensional form,
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When the force vector reaches the yield surface, the non dimensional
unit normal vector becomes
Px
0
0
n = (2.36)m
x
my
m
\ z
The, two sets of unit normal vector and force vector are
shown in Fig. l~ in which
Ik Px
0 0
0 0
f = F =
m.. Mxx
iIi My Y
M
m z
z·
Therefore n = f
,',
(2.37)
b) Polynomial Yield Surface
The unit normal vector to the yield surface .is·significant when
specifying the plastic hinge action by the flow rule. As will be
discussed in Sect. 2.3.6, the nondimensional unit normal vector is
very useful when working with the spherical yield surface. However,
for. the polynomial yield surface, it is found that nothing is'·
gained by nondimensionalizing. The dimensional unit normal vector
has the following form:
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a1
0
N = 1 0 (2.38)
Ja~ + 2 + 2 + 28 4 as a6 8 4
as
8 6
This form will be used in obtaining solutions based on the polynomial
yie Id surface.
2.3.3 Satisfaction of Yield Condition and Load Factor
The displacement U for a load P acting on a structure can
be obtained by solving Eq. (2.4). The member force vector F is obtained
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by substituting the ui's into Eq. (2.1). For proportiona~ loading, it is
often convenIent to work with a set of unit loading pO. The corresponding
o 0
unit displacement and unit member end force vector are u and F ,
respectively. These quantities must satisfy Eqs. (2.4) .and (2.1)
·00Once u' and F are obtained, any other responses, say u and F to a
different load P can be obtained by multiplying uO and Fa by a common
factor A. Therefore, the responses are given by
(2.39)
o
where A = pIp , because the relation between P and U or U and F is
always linear.
The above equations must be modified when any member end
force vector F satisfies the yield condition,
G(F) = 1.0
,'.
(2.40)
A plastic hinge is inserted in the member and the two equations cor-
responding to Eqs. (2.4) and (2.1) must be modified. At every possible
plastic hinge point, Eq. (2.40) is applied, that is,
(2.41)
If the structure has n possible plastic hinge locations) n values of A
can be obtained. The true value of A is the one which is minimum and
it is called. "the load facto~' for the initial loading.
Then
I
~I:.., .:.··:.·~
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which means that when the applied load reaches AO pO, the first hinge
forms, and the displacement and member end force vectors are given
by Eq. 2.42. One of the F's satisfies the yield condition, Eq.
(2.40). All subsequent analyses must take into account the action
of the plastic hinge.
2.3.4 Plastic Hinge Action
In Fig. 18 the member end force vector at a plastic
hinge is shOW'n. The end of the vector lies on the y.ield surface,
whose shape and size remain unchanged (because no strain hardening
is assumed to occur). The end of the vector stays on the yield
surface during the application of the subsequent load increments,
unless a stress reversal occurs a t' the plastic hinge point .•
Infinitesimally, the end of the vector can move only on the
tangent plane to tbe yield surface at the point at which the
vector initially reaches the surface. Therefore,
Nt dF = 0 (2.43 )
where N = normal vector to the yield surface at the point at
which the member end force vector F reaches the surface
dF = incremental member end force vector
For a stable elastic-plastic material as defined by Drucker,
the incremental plastic deformation vector is outwardly normal to the
yield surface. This can be expressed mathematically,
(2.44)
where = incremental plastic deformation vector
~. = unknown scalar
These two equations define the plastic hinge action, and consequently
the modified member stiffness of a hinged member.
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2.3.5 Modified Stiffness of a Hi~ged Member
To obtain the modified stiffness of a member which may have
one or two plastic hinges at its ends, the following characteristics
will be used. First, the plastic hinge action is specified by Eq.
(2.43). Second, the normality condition of the incremental plastic
deformation is given by Eq. (2.44). The incremental elastic
deformation satisfies the elastic relationship with the incremental
member end force. Eac4 quantity is defined by the incremental form,
which ~eans that the relationship between the member end force
increment and the deformation increment is obtained during the
application of the load increment.
Three cases are considered: . a) a plastic hinge forms at
the end A, b) at the end B, and c) at both ends.
a) A plastic hinge at A
Consider the member shown in Fig. 19. This member is sub-
jected to incremental force vectors dF
a
and dF b , and incremental
deformation vectors dUa and dUb.
Incremental deformation vector du can be separated into
a
the elastic part ,and the plastic part, and can be written as
d due d Pu = + u
a a a
E due ddlastic deformation a an -Vb satisfy Eq. (2.1) .
. (2.45)
Thus the relation-
ships between incremental member end force vectors and incremental
deformation vectors are
d F
a
=
=
(2.46)
Applying Eq. (2.43) results in
Nt dF = 0
a a
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. (2.47)
where N is the normal vector to the yield surface. From the' nor-
a
mality condition, the plastic incremental deformation duP has to
a
satisfy
duP = ~a N (2.48)a \ a
Substituting Eq. (2.48) into Eq. (2.45) resul ts in
due = du
- J.1 Na a a a
Substituting into Eq. (2 .~6) and making use of (2.47), results in
or ~
If
Ntk (du t 0J..L N ) + N k b dUb -a aa a a a a a
~- (Ntk N) = Ntk du + Ntk du '
a a aa a a aa a a ab b
."
Ntk N = c (a scalar), then
a aa a
1 "t t
l-L = (N k du + N k bdub)
. a c a aa a a a
is obtained. The relationships between dF and du become
dF = (k
aa
lk N Ntk ) du
a c aa a a aa a
+ (kab
1 N Ntk ) dUb-- kc aa a a ab
dFb
= (kba 1. k N Ntk ) duc ba a a aa a
(kbb
1 t
+ - - k N N k ) d~c ba a a ab
b.) A Plastic Hinge at B
A similar derivation which makes use of the
relationships
(2.49 )
(2.50)
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Nt dFb = 0b
dUb
e + duP= dUb b
du P = I-Lb Nbb
leads to the following results
dF =
a
duo
a
+ (k \
ab (2.52)
where d
=
=
1 t
(kba d kbbNbNbkba) dUa
1 t
+ (kbb d kbbNbNb kbb) dUb
c) Plastic Hinges at Both Ends A and B
When plastic hinges form at both ends, the following
equations are written to solve for the unknown coefficients ~ and
a
At A,
At B,
The relations between incremental member end forces and incremental
elastic deformations are
•
dF
a
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dF = k d e + k d eb ba ua bb ub
Equations (2.53) and (2.54) lead to
~a = d1d4 - d2d3
Defining the quantities
d4
e 1
=
- d2d3d1d4
d 2
e 2 = d1d4· - d2d3
=
d3
e3 d 1d4 - d2d3
-d1
e4 = d1d4 - .d 2d3
(2.54 )
(2.56)
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leads to
Substituting these equations into Eq. (2.53h and then into Eq. (2.54),
gives
(2.57 )
Equation (2.57) shows that the modified stiffness matrices for the
case with plastic hinges forming at both ends are
(2.58)
If only end A is yielded, then
e
1
= e 2 = e 3 = 0, and
1
e4 = - d4
When these values are substituted into Eq. (2.58) the same stiffness
as given by Eq. (2.50) is obtained. Similarly, if only end .B is
yielded, then
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1
= ~, and
1
= = o
Substitution of these values into Eq. (2.58) gives the required stiff-
ness for this case, which is identical to that given by Eq. (2.52).
2.3.6 Violation of Yield Condition and Member Force Reduction
According to Eq. (2.43), at each plastic hinge the incremental
\
member end force vector always acts in the plane tangential to the yield
surface. The total member end force vector is F + dF (see Fig. 20).
The end of the total member end force vector moves along the tangent
plane during the application of the incremental load. Since the size
of the yield surface is constant, this force vector will obviously
violate the yield condition. In order to avoid the violation, the
force vector is reduced before the incremental load is applied. The
reduction of the force vector is carried out by artifici~11y imposing a
plastic deformation at the hinge. This process is described in the
following three steps •.
a) Step 1
Consider the simple frame shown. in Fig. 21. This frame:is
subjected to some combined vertical and horizontal loads, and a plastic
hinge is assumed to form in one of the beams. At this instant, the
member end force vector at point B satisfies the yield condition.
The structure is now considered to be completely frozen, permitting
the removal of beam AB without disturbing the stress distribution.
This beam has a plastic hinge,and is fixed at both ends (see~Fig. 22).
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At the plastic hinge, an artificial plastic deformation
increment dU~ is imposed. The elastic incremental deformation ac-
companying du ~ is dU·~. Both dU~ an? dU~ satisfy the following com-
patibility condition because end.B is fixed,
Because of the elastic deformation dU~, an incremental member end
force dFb is introduced at end~. dFb is given by Eq. (2.7), using
the incremental displacements instead of the total displacements.
dFb is related to dU~ as
-(2.59)o=
Using Eq. (2.59), the above- equation can be written as
(2.62)
(2.61 )
(2.60)
Substituting Eq. (2.60) into Eq. (2.61) and making use of Eq. (2.62)
lJ.b
leads to
is obtained,
obtained as
From Eq. (2.44), the incremental plastic deformation vector is
Supposing the length of a component of dFb in the direction of the
normal to the dimensional yield surface is h, the following relation
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From the definition in Eq. (2.52), the above equation gives
h
~b = d
Substitution of this into Eq. (2.62), and making'use of Eq. (2.60),
results in
(2.63 )
and the reaction at end A is obtained as
h
d
process is· a little more complex. When the incremental plastic
deformation du: is imposed on the plastic hinge at end B, an incre-
mental plastic deformation duP occurs at'the plastic hinge at
a
(2.65)
(2.64)
o
o=
=dU~ + dU~
These incremental plastic deformations are accompanied
Flow Rule:
duP = l-LaNaa
p
= ~bNbdUb
1£ a plastic hinge has 'already formed at end A, the
Compatibility Condition:
.
deformations must satisfy, the following equations.
by the incremental elastic deformations, dU~ and dU:' These
end A.
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Nt dF' = 0
a a
(2.66 )
"t dF' - hN =
a b
dF' - - k N I-L
a aa a a
dF' =
b
From Eqs. (2.64) and (2.65), the incremental elastic defor-
The incremental member end force at A has to stay on the
= -
plane parallel to the plane tangential to the yield surface, and the
result in
length of a component of the incremental member end force at B in the
Eqs. (2.59) and (2.62).
can be "obtained
direction normal to the yield surface is h. These two conditions
mat ions are written as
Thus dF' due e= k + kabduba aa a
(2.67)
dP' k ba
due e= + kbbdubb a
elastic deformations by Eq. (2.1).
Substitution of these two into Eq. (2.67) leads to
The incremental member end forces are then related to the incremental
"The second equations of Eqs. +,('2.64) an9 (2.65) appeared before as
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Substituting these two into Eq. (2.66), two simultaneous equations
for ~a and ~b are obtained as
where d l , d 2, d3 and d4 are 'defined in,Eqs. (2.55).
~b are given by
=
Thus, ~ and
a
J..Lb =
where e 1 and €3 are defined in Eqs. (2.56). Substitution of ~ anda
~b into the expression for the incremental member end forces result in
(2.68)
The fixed-end member force increments dF~ and dFb can be
obtained in a similar way in the case when a plastic hinge forms at
end A of a member which mayor may not contain a plastic hinge at end B.
b). Step 2
During Step 1, unbalanced f~rces, dF~ and dF~ occur at the
joints connected by the member that contains the latest plastic hinge.
To balance these forces, joint loads dP
a
and dPb , which are opposite
to dF~ and dFb, respectively, are applied as shown in Fig. 23. This
structure i~ then solved by the method described in Sect. 2.,1.1.
The stiffness of the hinged member AB has to be modified according to
the method described in Sect. 2.3.4. Supposing that the structural
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responses to the applied joint loads, dP
a
and dPb , are given by dFt1
and du tl ): the incremental member force at the plastic hinge has to
satisfy Eq. (2.43). Therefore, dFb must act in a plane parallel to
the tangent plane to the yield surface, as illustrated in Fig. 24.
c) Step 3
The total increment dFb of the member end force at the
plastic hinge is given bOy
dFb = dF' + dF"b b (2.69)
The component of dFb in the direction of the normal vector to the
yield surface is obvio~sly h, at the end of the force reduction
process. The increment of the joint deflection is given by only
du", because every joint is frozen in Step 1. There is no change in
the. applied load. The load-deflection curve) therefore, exhibits a
small flat portion during the reducti.on process (see Fig. 10).
At the end of the force reduction process at the latest
plastic hinge, the total responses are (P + dF) and (u + du"),
where dF is the summation of the results from Steps 1 and 2.
It is possible that sometimes the member end force at a
certain point violates the yield condition after the member end
force at the plastic hinge is reduced, as shown in Fig. 25. Suppose
that a member end force vector Fb reaches the point very near the
yield surface,. when another member end force vector F reaches the
a
- yield surface. After the reduction of the member end force Fa' Fb
may increase, and may be outside the yield surface as shown in Fig.
25. This occurs because F is reduced too much. Therefore, instead
a
of using h'=O.02, it m~y be necessary to reduce h' to 0.01 or smaller.
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. d) Force Reduction Factor h
1) Spherical yield surface
As shown in Fig. 24, the force reduction factor h is given
by
t
- h = N dF'
in which dF' is the reduction force. In nondimensional' form, this
equation becomes -h'= n t df' (see Fig. 26) ..
In the present comput1tion of the load-deflection curve,
it is assumed that
h' = 0.02
Therefore df' -.- 0.02 n
(2.70)
This will be used at'all plastic hinges in the analysis.
The nondimensional reduction force df' can be converted to
the dimensional form
dF'. = df'. x F .
~ 1 ~o
(i = 1, 2., • • •6)
where dF'. and df'. are components of dF' and df', respectively, and
~ 1.
F. are the corresponding fully plastic values. Substituting df'
10
from Eq.· (2. 70) g,ives
dF '. = - O. 02 n. x F. ,( i = 1, 2, ••• 6)
1 1 10
where n
i
are the components of n.
Therefore h = - NtdF'
= 0.02 [Nl , 0, 0, N4 , NS' N6] n l Fio 1
o
o
n4 F40.
ns FSO
n 6 F60
(2. 71)
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where N. are the components of N.
1.
2) Polynomial Yield Surface
As mentioned in Sect. 2.3.2, for the approximate yield
s~rface developed by the least squares method, no advantage is
obtained by using the nondimensional unit normal vector. Furthermore,
the conversion of h' to h often requires laborious computations. For
this reason,dF' is assumed to be 2% of the existing member force F.
Therefore it i.s not necessary to compute the conversion of h' to h.
The' following relationships are assu~ed to be valid at all
hinge locations (referring to Fig. 27):.
dF' = - O.02F
h
2.4 Plastic Loading
= (2.72)
2.4.1 Incremental Loading
After the formation of the first plastic hinge, the struc-
ture containing a real hinge at the appropriate point is solved for
incremental loading. The unit set of the incremental load is th~
same as that of the initial loading, ·in other words, app.1ied load
vector is always constant. However, the structural response or the
structure itself is differen~ because of the plastic hinge.
At the second stage of loading, represented by portion 2
of the load-deflection curve in Fig. 10, the equation corresponding
to Eq. (2.4) is
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where dpo = unit set of the incremental load
dUo = unit set of the incrementa 1 deformation
KM = modified overall stiffness matrix
As described before,
Thus,
=
= (2.73)
The stiffness matricef for the hinged member are modified
as described in Sect. 2.3.4, and the overall stiffness K in Eq. (2.4)
is modified to become KM• The solution of Eq. (2.73) gives the
member end forces of a typical member AB:
=
= kM duoba a
(2.74)
where = the unit incremental member end force vectors
,',
at ends A and B for the unit incremental
joint load pO.
the unit incremental joint displacement
'vectors at joints A and B for the unit
incremental load po.
2.4.2 Satisfaction of Yield Condition and Incremental Load Factor
At the end of the initial loading, a set of loads P is
applied to the structure in which a plastic hinge has formed. The
structural responses are F and U. One of the Fls satisfies the yield
condition, and this member end force. is then re~uced to avoid the
violation of the yield condition. The unit set of jbint loads,
oP , is applied to the hinged structure, and the structural
responses, dFo and dUo, are obtained as described in Sect. 2.4.1.
, As mentioned in Sect. 2.3.2, the response of this hinged structure
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to any other set of joint loads can be obtained by multiplying
o 0dF and du by a common factor dA.
1When the loads reach a certain value, say, dP , another
plasti~ hinge forms in the structure. The common factor dA
is then given by
dA dpl=
--pO
The responses are
dF l = dA dFo
du 1 dX duo=
(2.75)
(2. 76)
A new member end force now satisfies the yield condition. There-
fore, using Eq. (2.40),
incremental load factor, and
of values of dA can be obtained. The smallest dA is the" true
(2.77)
dpl = dX1 pO .
dF1 = dAl dFo
du1 I:: d;\l duo
dAl = minimum value of dA (2.78)
Thus,
Applying Eq. (2.77) on all possible plastic hinge points, a set
where superscript 1 denotes incremental responses corresponding to
the first step of incremental loading. When the yield surface is
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spherical, substituting (F + dA dF) into Eq. (2.28) gives
22 2
(p + dA dP
x
o) + (m + dA dmo) + (m + dA dmo)
x x x y Y
o 2
+ (m + dX dm) • 1.0
z z
where
d 0Px
= p
xo
dMO
dm0 = x
x M
xO
dMo
dmo = --Y-y Myo
dMo
dmo z=
z Mzo
0 dMo dMo and dMo
0
and dP , are components of dF .
x x' y z
Thus
-A + JA + 1 0 - 2 2 2 2(p + m + m ;.: m )
dA
x x y z
= 2 (dmo/+ (dmo) 2+ (dmo)2(dp~) + x y z
where A = P dpo + m d m
O + m dmo + m dmo
x x x x y y z z
(2.79)
Equation (2.77) is applied to all points at which plastic
hinges can possibly form, regardless of a plastic hinge having already
formed or not. Consider two typical member end force vectors F anda
Fb , as shown in Fig. 28.
F once reached the yield surface.
a
It
is then reduced in the manner" described in Sect. 2.3.6." Member
end force vectors before the application of incremental loads are
-+ --tgiven by OA and OB in Fig. 28. Suppose that the incremental member
end forces after the application of the unit set of incremental loads
can be obtained. Applying Eq. (2.77), two values of dA are obtained,
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dF = dA dFo
a a
Multiplying them by a common factor dA)
~
the yield surface and is given by DB'. When it reaches the yield
· b dFo d dFoare g1ven Y a an b.
the expressions
say, dAa and dAb' corresponding to dF
a
and. dFb , respectively. If
dAb is smaller than dAa' the accumulative member,end force Fb reaches
surface, the accumulative member end force F is inside the yield
a
~
surface, and is given by OA'. A new plastic hinge forms at point b
in the structure. On the other hand, if dAa is smaller than dAb' the
accumulative member end force F , at which a plastic hinge has already
a
been inserted, again reaches the yield surface. In this case, no new
plastic hinge forms, although the unit normal vector at the plastic
hinge at point a in the structure, and conseuqnelty the stiffness,
have to be revised.
2.4.3 Accumulative Load and Structural-Responses after nth
Step of Loading
In Sections 2.2, 2.3 and first part of 2.4, the initial
loading, the member force reduction and the first incremental loading
are discussed. In this section, the procedure for handling a general
load increment is discussed as a summary of the theory.
When the (n-1)th step of incremental loading has been com-
pleted, the accumulated loads, the set of accumulated member end
n-1 n-1forces, and accumulated joint displacements are denoted by p , F
n-1 0
and u ,respectively. Then a unit set of load P is applied on the
structure, which has (n-1) hinges. The corresponding member stiff-
n-l n-l
ness and overall stiffness matrices of this structure are k and K •
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The structural responses, dFon and duon , to the load pO, are determined
from Eqs. (2.73) and (2.74). Superscript n denotes response of the
structure, which has (n-l) hinges, to the nth step of incremental
.
loading, and superscript 0 the responses to the unit load. At
stage accumulated member forces are
Substituting this into Eq. (2.40) or Eq. (2.77), the load factor
dAn, which will cause a new hinge to form in the structure, is
obtained. All the accumulated quantities are given in the following
form:
(n>l)
'\
When n=l (corresponding to initial loading), Eq. (2.42) can be, used.
Suppose a new plastic ,hinge forms at the end of the (n-l)th
step of loading in the member m, which connects joints i and j. The
member stiffness coefficients, k .. , k .. , k .. and k .. , have to be
~~ J1 1J JJ
modified for the subsequent analysis. The stiffness of any other
member remains the same as the one which has been used during the
(n-2)th step of loading, and which may already have been modified
because of the formation of the plastic hinge. Based on these member
stiffness matrices, the member force reduction is carried out at the
last plastic hing~ as described in Sect. 2.3.6, before the application
of the nth step of loading.
l.
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2~4.4 Failure Mechanism
It is much more difficult to judge whether the structure
reaches a failure mechanism in the case of space frames than in the
case of plane frames.
In Fig. 29, a frame is shown which has two real hinges at
both ends of one of the columns. These hinges ~esist only biaxial
bending moments but not twist. Supposing that this frame is subjected
to a horizontal load at the top of the column,as shown in Fig. 29, three
columns which contain no h{nge react for the twisting action. The
load can be increased to a certain amount, and this structure therefore
does not yet reach the failure mechanism. On the other hand, if
the structure is subjected to a load which causes twisting moment on
the hinge d co Iuron as shown in Fig.· 30, obvious ly no increase in load
is possible. This structure has therefore, reached the failure state.
This type of local fa~lure is similar to "partial collapse" in the
case of plane frames. (52) It is easily seen that the failure mechanism
depends not only on the hinge formation,but also on the loading. In
this example, the failure mechanism does not ~llow the application
of any higher load. Equilibrium between the increment of· applied
load and the increment of the member end force is satisfied only when
the increment of applied load is zero.
Since a plastic hinge usually forms by the combined action
of the member end force, and the member end force at the hinge is
reduced before the application of the incremental load, it may be
possible to increase the load,although the structure reaches the
failure state. Usually the ultimate load is distinguished by the
load at which the overall stiffness matrix becomes singular. However,
j'
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this criterion of failure is not applicable to the local failur~, as
stated referring to Fig. 30. In the present computation of the load-
deflection curve of frames, the computation is terminated when any
strain reversal occurs at the plastic hinges.
2.5 Examples
A computer program which traces the elastic-plastic behavior
of the space frame by the first-order theory described previousl~has I,
been developed. Several frames which were analyzed by other inves-
tigators have been solved by this program,and the results are compared.
The computer program can also be applied to plane frames with a slight
change of input data. In the case of a plane frame, both member end
force vector and joint displacement vector have only three components.
The yield condition for a plastic hinge is a function of axial force
and bending moment only. Therefore, the spherical yield surface .for
1.0 ·=2m
z
+
Plane Portal Frame2.5.1
Cross sectional properties, dimension of members and material
joint loads,and beam loads which are proportional to the horizontal
properties of sample frames presented in this section are tabulated
in Table 2.
Figure 31 shows a portal frame which was analyzed by Batt
at Lehigh University in 1966. (53) The frame is subjected to vertical
a space frame is reduced to a circle
'in the nondimensional form.
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load. In Fig. 32, the relationship between the horizontal load Hand
the horizontal displacement at the top of the right column 0 is shown.
The broken line shows Bott's result, and the solid line shows the
result obtained by the present method. Small circles on lines in-
dicate plastic hinge formation. Since neither of the theories consider
the effect of p~ moment, the curves for initial loading coincide.
The difference of load levels when the first plastic hinge forms, as
well as the difference of maximum load levels, are due to the difference
in the yield conditions used. Bott used the yield condition shown by
the broken line in Fig. 33, which approximates the true.yield condition
deflection curves is due to the yield conditions employed.
It is also observed that straight line between two hinge formations
~
Vectors OA andforce at plastic hinge 1 for both results are shown.
plateaus are observed immediately after each plastic hinge forms.
On the curve obtained from the present method, small
They are caused by the member force reduction at the plastic hinge.
can be concluded that the discrepancy observed between the two load-
very close to the ratio of two maximum load levels. Therefore, it
~ ~
p~int 4. The ratio of the two vectors at the final stage, OA/oB, is
~OB are the member force vectors when the last plastic hinge forms at
of the bending moment is almost equal to the full plastic value •
for the two analyses. In Fig. 33, the movements of the member end
plastic hinges are shown in Fig. 32. This is seen to be the same
The order of plastic hinge formation and locations of the
discrepancy is observed between two conditions, except when the value
yield condition, shown by the solid line in Fig. 33. A fairly large
by two straight lines. The present result is obtained from the circular
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may change its direction at a certain point (see point A in Fig. 32).
This indicates that the member end force at the plastic hinge reaches
the yield surface again. These problems have been described in detail
in Sect. 2.4.2 '1':
2.5.2 Space Frame wi~h Triangle-Shaped Roof
Harrison tested a space frame with triangle-shaped roof,
as shown in Fig. 34. (23) All members are made of a circular tube,
whose diameter is 1 11/16 in., and thickness 7 s.w.g. The height of
the floor triangle is 4 ft., and the length of the side of the
equilateral triangle is given as 4.0 x 2/13 = 4.6188 ft. The
height of the columns is the same as this value.
A horizontal load H is applied at the top of one of the
columns, in the plane which is made by a beam and two columns. The
relation between H ando, which is the horizontal deflectiqn at the
top of the loaded column, is shown in Fig. 34. The' solid line shows
the computed results, using a spherical yiel~·condition. The flat
portions caused by the member force reduction at the plastic hinge,
are subtracted from the total displacement. The broken line represents
the test results obtained by Harrison.
A fairly large discrepancy is observed between the two
curves, even in the e~astic loading portion of the curves. It is
believed that the large blocks which were used in the test to connect
the members at 'the joints, make. each member shorter, and thus
stiffen the frame.
To illustrate the significance of torsional stiffness, the
load-deflection curve of the same frame is obtained, assuming that
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the torsional rigidity GJ is equal to zero for all members, and is
shown by a dash-dot line in Fig. 34. Comparison of this curve with
another curve, obtained by ta~ing the torsional rigidity into account,
shows a significant reduction of the elastic stiffness and the
ultimate strength of the frame. It seems that most of the horizontal
~·--load-·is carried by the beam and the columns which are located in the
plane of loading. The load does not affect members not in the plane
--of loading very much. Four plastic hinges make the frame free to
.-rotate about the column which is not in the plane of loading, and the
frame subsequently reaches the ultimate stage. The other three
hinges therefore disappear.
2.5.3 Portal Frame
In Fig. 35, a portal frame subjected to in and out-of-
plane horizontal loads is shown. All members are 9.5 in. long,
with cross sectional dimension of 2.5 in. x 3.0 in. The in-plane
horizontal load P is maintained constant, and the out-of-plane
load T increases from zero to its maximum.
Such a frame has been tested by Martin. (20) In Fig. 36,
experimental and theoretical load-deflection curves at points A
and B are shown•. Dashed lines are the test results reported by
Martin) and the solid lines are theoretical predictions obtained
using the spherical yield condition. The analysis shows that two
plastic hinges would appear simultaneously at bases-of the columns.
Since this frame may be considered as two cantilever columns connected
by a beam for resisting the out-af-plane load, the formation of plastic
hinges at these locations leads to the failure of the structure.
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The hinges forming in the str~cture are subjected primarily
to combined biaxial b~nding and twisting) caused by P and T. The
contributions to the yield condition of the bending moment by P
and the twisting moment by T, are found to be small. The bending
moments due to T has a 40minant influence on the behavior of the
- ---structure. :-Therefore, ~the-'maximum load is not significantly
-affected by the yield condition used in the analysis. The pre-
-'"diction obtained with spherical yield condition) thus shows good
-agreement with the test results." At large deflections strain
hardening occurred at the hinges, and the test specimen was able
to susta-in loads considerably higher than the- theoretical values.
3. BUCKLING ANALYSIS OF SPACE FRAMES
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(3.1)
For structures with members subjected only to axial forces,
tion is valid only if the axial forces in the members are small, and
As discussed in Chapter 2, for any space frame $, a set of
load of space frames under gravity loading condition is presented.
In this chapter a general me'thod for d~ termining the buckling
3.1.1 General Formulation of the Problem
their effect on the member sti£fn~sses ·can be neglected.
place.
P = K U
3.1 Introduction
tures by modifying the rigidity of the members. In the basic formula-
The description given will be limited to elastic buckling problems,
tion of the method, both sway buckling and torsional buckling are
load and the resulting deflection can be obtained. In matrix form,
included. The frames are assumed to be loaded in such a manner, that
.>"
only .axial forces "are present in the members before buckling' takes
the loss of member stiffness becomes an important factor that in-
although the same method can be extended to partially yielded struc-
these equations are (Eq. 2.4)
simultaneous equations defining the relationship between the applied
mat~ix K does not change as the applied load increases. This assump-
fluences the overall behavior. Because of the loss of member stiffness,
In the first-order analysis, it is assumed that the stiffness
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the stiffness matrix K of the whole structure also decreases. The
buckling load is reached, when the overall stiffness matrix becomes
singular. The structure is thus considered to have failed by frame
buckling. It is therefore possible to determine the buckling load
of a structure by computing the values of the stiffness matrix for
successively increasing applied loads. This approach is adopted in
developing the method presented in this chapter.
\
In Chapter 2, the warping rigidity was neglected in the
formulation. In the case of thin walled open s~ctions such as the
wide-flange section, the warping rigidity tends to strengthen the
member, even though its influence'depends to a large extent on the
end condition in resisting twisting action. In this chapter, the
effect of warping on the buckling load of frames will be included in
the formulation.
.'.
3.1.2 Assumptions
The following assumptions are made for the-buc~~ing analysis
of ~ space frame.
a) Material
The material is linearly elastic and its stress-strain
characteristics are time independent.
b) Member and Structure
1. All members are prismatic and initially straight so that
they can be represented by their longitudinal axes
in the analysis.
2. The structure is loaded by concentrated loads at the
joints and a finite number.ofconcentrated loads on .the
members.
side red •
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(3.2)o=uiv + PUll
Y YEIz
any point along the member there exists a secondary
can·be assumed equal to unity.·
deflected configuration of each-member. Therefore, at
This implies that truss-type structures are not con-
can 'be expressed by the second derivative of the
\deflection, and cosine of the slope of the deflection
the deflection at that point.
bending ~oment,which is equal to the axial force times
2. The governing differential equation is formulated on the
3. The member release occurs at only one end of a member.
1. Deflections are so small that the curvature of the member
3. Shearing deformation is ignored.
4. The cross section of each member is doub+y symmetrical.
Figure 37 shows the buckled configuration of a member sub-
by axial force only.
~ The reduction in. bending and twisting stiffnesses is c~used
c) Deflection
d) Reduction of Stiffness
3.2 Member Stiffness Reduced by Axial Force
. jected to an axial compression P. The bending moments M
za
and M
zb and
the end rotation 8
za
and 8
zb are the moments and rotations introduced
by the buckling process. For this member, the differential equation is
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where u is the deflection and EI the bending rigidity about they z
z axis. The solution of this equation is
u = A"cos k x + B sin k x + ex + DY z z
where
k = Fe
z VEl
z
The unknown coefficients A, B,'C and D can be obtained from the boundary
cond it ions, nam.e ly
(3.3)
(3.4 )
2EI+__z
L
1 -,. cot l'
z Z
'T
Z
2
.,.
z1
2
x = 0, u = u , u ' = e andy ya y za'
x = . L_, u = uyb' u
t
= e
,y y zb
=
2
+ cot
2 ·2
'f ,. ".. - If cot 'f1 z z z z z
az = 2; 1
-
,.. cot ,.
z. z
~z
4EI
M =--zae
za ~ z za
in which
at
at
Substituting the coefficients determined fro~ the above bqundary
by
conditions, the following expression for M is obtained
za
According to the ordinary beam theory the end moment M is given
za
Similar equations for the action in the x-z plane can be obtained.
(3.6)
(3.5)
(3.7)
(3.8)
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,. cot,.
z z
2
T
Z
1
1 -,. cot T
z Z
3
,. cot 'T
z z
L
2
1
3
1
- 3
=
=
'T
Z
o
z
From equ~librium of moment at end B
P L - (M + M b) p (u - uyb ) = 0ya za z ya
6EI 12EI
P z Y
z
(8
za + 8zb)
+ ___z 0or =-- (u - u )ya L2 L3 z ya yb
twist 8 are produced, and they are related by the equation
x
In the buckling process, twisting moment M and angle of
x
> M = - EI e" I + (GJ - P i) e I
x W X 0 X
where
-EI e'" is the twisting moment due to warping, and GJ8' the St. Venant
wx. x
torsional moment. The longitudinal fibers of the member subjected to
longitudinal axis of the member 'produces an additional twisting moment,
2'
tha t is, - Pre' •
o x
normal stress,caused by axi~l force P~incline as a result of the twisting
action. The component of the normal stress perpendicular to the
,
,-.
'\/~ for a doubly synunetrical cross section, such as the wide-flange section.
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By differentiating uhis equation once, the differential
(3.9)EI eiv - (GJ - P r
2 ) eft = 0
w x 0 x
The general solution is given by
ex = A cask x + B sin k x + ex + D
x x
equation for twisting is obtained as:
k
x
if GJ - P r 2 ~ O. The term k is defined as
o x
=Jp r~- GJ
EI
w
Employing the appropriate boundary conditions for warping, and using a
similar process as explained before, the relation between the twisting
1. Warping prevented at both ends.
(3.12 )
(3.11)
(3. 10)and
= 0
-. 0,
The boundary conditions
The following three cases
er
X
9'
x
at x = L,
at x = 0,
are:
moment M and the deflection can be obtained.
x
are considered in this study:
(3.17)
(3.16)
(3.15 )
1
3=
and the solution is
12EI q./
M =
w 0'-' (a
xa
e ).
-
xa L3 x xb
=
where
F .- k u + k
ab uba aa a
3. Warping free at both ends, The boundary conditions are I,
at x = 0, e = exa' e
u
= 0, and
x x
at x = L, e '= 8xb' e" = 0x x
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2. Warpi.ng'free at one end. The boundary conditions become
at x == 0, e = e a" = 0, and
x xa' x
at x = L, e = axb ' a' = 0x x
and the solution is
12EI c·
M =
w or (8 - e ) (3.13 )
.xa
. L3 x xa xb
where
2 11 cot T6' x (3.14 )= 3x (1 - cot2 ,. )+,.. cot T
x x X
Therefore, the member stiffness matrices are as follows:
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~-
where
"P u
x x . ~
t
Py uy
p u
F = z u =- z (3.18)
M e
x x
M ey y
M e
z z
EA 0 0 0 0 0L
12EI 6EI
--~{) z 8z 0 .0 0
---Z. 5
L
3 L2 z
12EI 6EI
0 0 y 0y O' --fYy 0
L3 L
k =
aa 12EI
'0 ·0 -0 --~o 0 0L3 x
6EI 4EI
0 0 _..---Zy 0 --J.. ex 0
L2 y L Y
6EI 4EI
0 z 0 .0 0 z
-Z-Yz --ctL . " . L z
(3.19)
EA 0 0 0 0 0
--L
12EI 6EI
0 z 8 0 0 0 z-
""1,3 L2 Yzz
12EI 6EI
0 0 Y a 0 ----.:L y 0
k
ab
L3 y L2 y
= 12EI
0 0 0 I:!- 0 0 0x
6EI 2EI
0 -.J..0 0
---:LV y L ~y 0
6EI L2 2EI0 z Y z 0 0 0
__z ~
-7 L Z
_bY
-74
EA 0 0 0 0 0L
12EI GEl
z 0 0 0 0 z0
- -z-y
L3 z L Z
12EI 6El
0 0 y 5 0 ----Y- 0
L3 Y
2 Yy
kba
=
L
12EI, ~~<)
0 0 0 w 0 0 0--3-
L x
_6ElyY\ 2EI
0 0 0 r~y 0L2 Y
6El 2EI
0 z 0 0 0 z-Z-Yz -L- ~z
L
(3.19)
EA 0 0 0 0L
12EI 6EI
0 z 0 '0 0 0 z
L3
---y
z L2 z
12EI 6EI
0 0 --Z 0 0 ----Y- 0
L3 Y 2 Yy
k bb
L
= I.'~
12EI;
0 0 0 w 0 0 0
L3 x
6El 4EI
0 0 ----Y- 0 ---L ex 02 Yy L YL
6El 4EI
0 z 0 ~O 0 z---y
-- Q'L2 z L z
where
2 2 2
1 .,.. + 'T. cot.'T'. - T. cot 'r.i ~ 1 ~ l.
Ci. = 41 1 - ''T". cot T.
1 l.
2 2 2
1 cr. - T. cot'T. + ,. i cot 'T".l. 1. l. 1.~ . =1 2 1 - 'T". cot 'T.1 1
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2
1 1".l.
Vi = 3 1 - 1"1 cot 'f. rl.
1.
3
cot,.. .1 'T' • (1 y,Z)
°i
l. l. =
= 3 1 - T. cot 'f.l. l.
=
L J~Ii (3.20)'f ..1. 2
1
3
3
,.. cot"..
x X
1 - "x cot Tx
(warping restrained
at both ends)
can not be applied directly.
involves the product of axial force and displacement, Eq. (2.10)
."
When P is zero, a., ~., y. and o. (i =
1. 1. 1 1.
2 1
1 cot 'T' - (warping free
Ox
x at
= 3 (1 -
2 ' one end)
,. cot ,. ) + cot ,..
x x x
1 ( ,2 (warping free at
3
-,.. ) both ends)x
·2 GJ
L
r
=
0
"'x 2 EIw
Since the equilibrium condition in the present case (say Eq. (3.6»,
i is the imaginary numb~r.
member stiffness kbb is given, and the other stiffnesses, k ,k b' and, aa a
k
b
are derived from the equilibrium conditions given~by Eq. (2.10).
a .
Chapter 2 can be obtained,except o. In Chapter 2, first, the basic
x
x,y,z) become unity and consequently the same matrix as given in
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For twisting, 0 does not correspond to the coefficient
x
which appears in Eq. (2.5) even if P is set to zero, because·in
Eq. (2.5), the warping rigidity EI has been ignored.
w-
3.3 Determinantal Buckling Load
Once the axial force in each member is known, the reduced
member stiffness can be computed asill~strated in Sect. 3.2. The relation-
ship between the member end force-vector and the joint displacement
\
vector is expressed by Eq. (3.17). This equation corresponds to
Eq. (2.1) in the first-order analysis disc~ssed in Chapter 2. To dis-
tinguish between the two equations and clarify the fact that the stiff-
ness is a function of the axial force P, the following equatio~ is
defined in the buckling analysis.
F
a
=
=
(3.21)
Employing the same concept as used in Sect. 2.1.1, the following
simultaneous equat ions can be obtained, which correspond to Eq. (2·.4).
P = K (P) U (3.22)
It is assumed that the conversion of the quantities associated with
the local coordinate system to those of the global coordinate system
has been achieved in developing Eq. (3.22). As explained in Sect.
3.1, the buckling load of a frame is given as the load at which the
. stiffness matrix becomes singular, that is
(3.23)
Each element involves a coefficient which is a function of the axial
force P, as shown in Eq .. (3.20). It is usually impossible to rewrite
V,!
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Eq. (3.23) in a closed form for direct determination of the critical
load. Therefore, it is necessary in the calculations to check re-
peatedly whether K(P) becomes singular for increasing values of P•
•
In the above discussion, the type of structure is envisioned
in which the axial force in the column is equal to the applied
vertical load. Such a situation is shown in Fig. 38. In this type
of structure no member is affected by bending moments before buckling
occurs. On the other hand, if the applied load is such that the
axial force in the column is not exactly equal to the applied load,
the-buckling of the structure will be affected by the pre-buckling
moment. An example of thi~ type of structure is given in Fig. 39.
However, it has been shown in previous investigations that the dif-
ference between the two cases is usually so small that it can be
neglected. This includes the case when the beam is subjected to
concentrated or disturbed loads. (33,34) The computation of the
buckling load is carried out utilizing the following procedure.
1. Apply a set of ,unit loads, and obtain the member end
force for each member. In this computation, the
original member stiffness is used; that is, the stiff-
ness is assumed not to be affected by ~xial force.
2. Assume a value for the load fact'or. As explained in
Sect. 2.3.3, all structural responses for this factored
load, can be obtained by multiplying the responses for
the set of unit loads obtained in Step 1, by the load
factor.
3. Compute the modified overall stiffness K(F) from Eqs.
(3.19) and, (3.22), using the axial forc~ for "each member
as obtained in Step 2.
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)
4. Compute the determinant ~f K{P). If it isyery small,
l
the load factor of the present stage is close to
the buckling load. If not, increase the load
factor slightly and repeat Step 2.
In the computer program, the bounds for the possible
buckling load of a given frame are estimated. First, each column in
the frame· is isolated from the structure, and is assumed to buckle
as a f'ixed end column. The fixed end column represents an upper
bound. For this c~lumn, three critical loads are obtained; corres-
ponding to strong and weak axis flexural buckling, and torsional
buckling. The smallest critical load for a fixed end column is
defined as an upper bound to the true buckling load. The ratio of
this bound to the axial force for this member, obtained for a set
. of unit loads in Step 1, gives the upper bound for the buckling
load factor. The upper bound for the buckling load is obtained
for each column in the structure. Therefore, the lowest value
gives the upper bound for the buckling load of the entire structure.
In the computer program, the first assumed load factor used
in Step 2 is zero, and it is successively increased by one tenth of
the upper bound load. If the sign of the determinant of the overall
st.fffness matrix K(P) differs from the sign of that of the original
matrix K,. then the load exceeds the buckling load. If this occurs,
the computation goes back to the load factor assumed one step before,
and starts again with one tenth of the load factor increment which
has been used so far. It is usually impossible to obtain the load
factor at which the determinant of K(P) becomes exactly zero. There-
fore, the computation is terminated when the ratio of the difference
-79
between the loads of two consecutive s~eps to the last load becomes
less than 0.001.
3.4 The Effect of Warping
For individual members, calculations are often made to
check the effect of warping on the buckling load. In the case of
individual columns, the governing ,buckling mode ,can usually be
'ascertained without extensive calculations. For example, slender
columns tend to fail by flexural buckling about the ~eak axis,
whereas short columns sometimes fail by torsional buckling. It is
~known that for individual columns, the effect of warping is not
significant, if the bending mode governs. However, it is not easy
to visualize which buckling mode occurs in a given frame,· because
the analysis would sometimes show a ·combined failure.
In the present study, three conditions are considered
to check the effect of warping restraint. It is assumed- that the
relationship between the twisting moment and the twisting angle of
a member is expressed by
M 12EI 1 -1 exa xa
w
Ox (3.24 )=
M
xb L
3
-1 1 8
xb
case 1 6x is given by
3
1 If cot
,.
6 x x
x =3 1 - T cot ,.x x
as shown in Eqs. (3.19 ) and (3.20). This means that the differential
~quation for the deflected member is· Eq. (3.9).
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Eleiv _ (GJ - P r 2 ) e" = 0
w x 0 x
and the associated boundary conditions are (Eq. (3.10»
at x = 0, 8' = 0, and
x
at x = L, 8' = 0
x
Warping rigidity is thus included in the analysis. The warping
deformation is assumed to be fully prevented at the ends.
Case 2
6
x
1
3
2(-,. )
x
This is derived by employing the boundary conditions
at x = 0, elf = 0, -and
x
at x = L, eu = 0
x
Therefore, in this case, a fr~e warping condition is assumed at both
ends of the member. The wa~pirig rigidity does not enter into the
analysis, although it is included in the development of the differential
equation, because
[~ P r~ GJ]2EI
.W
2,.
x
=
=
12EI
w
2GJ - P r·
o
L
Case 3
6
x
= GJ L
2
12E'I
w
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In this case, the warping rigidity is neglected, and the torsional
rigidity is assumed not to be·affected by the axial force. Examples
given in Sections 3.5.5 and 3.5.6 demonstrate the d~fference between
the buckling loads associated with the above three conditions.
3.5 E~amples
A computer program has been ~eveloped to obtain the elastic
buckling load of space frames by the determinantal approach. Some
frames were analyzed by other investigators. Input data of sample
frames presented in this section, such as material properties and
cross sectional properties, are tabulated in Table 3.
3.5.1 Space Frame with Triangle-Shaped Roof
As a first example, the buckling load of a triangle-
shaped frame, which has three beams and three columns as shown in
Fig. 40, is obtained. The roof has the shape of an equilateral
triangle, and the base of each column is pinned. Each member is
made from a brass rod with solid circular cross section, 1/8"
in diameter.
One of the three columns is subjected to a vertical load
of 3P, while each of the other two columns are subjected to a load P,
as shown in Fig. 41. The value of the determinant of the stiffness
matrix is calculated for each assumed value of P, and the correct
value of P is the one giving a determinant equal to zero. Figure
41 shows the relationship between the value of the determinant and
the assumed load P. D is the value of t~e determinant when p = o.
o
The· ratio of the critical load, Per' to the Euler buckling load of
the column, P , is obtained. as 0.069. P is obtained by assuming
ez ez
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that the column in the frame is simply .supported) and subjected to
an axial force P, and buckling occurs by bending about the z-axis.
Therefore
p
ez
= (3.25 )
The governing mode is found to be the twisting mode in which the
triangle rotates about its center of gravity.
The same frame was tested by LeRoy. (31) The value of
\
p Ip obtained by the test is 0.065, and the value found in this
cr ez
analysis shows a very good agreement. The twisting mode was observed
in the test, which is consistent with the mode obtained in the anal~sis.
3.5.2 Space Frame with Triangle-Shaped Roof
The second example is exactly the same as the first one,
except that the loading condition is slightly changed. Each column
0...
is now subjected to vertical load~ P. The buckling mode is of
/' .
the sway-type as shown in Fig. 43, and the critical load ratio
Test results· for a similar loadingp Ip is Q~ual-Ee 0.155.
cr ez .
. ~
condition obtained by LeRoy, shows that P Ip is equal to 0.14$.
cr ez
The sway mode of buckling was also observed in the test.
This frame has three possible directions of sway, because
it has three axes of symmetry. Therefore, at the same level of
load the sway mode of buckling can occur in any of the three
directions, but only two of these modes are independent. The third
mode represents a linear combination of the other two. The D-P
curve there-fore just touches the P-axis) and then goes up, as shown
in Fig. 42. The value of the determinant never becomes negative
in this region. The re·ason for this will be given in Sect. 3.6.
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The D-P curve approaches the P-axis ag~in, and this time it even-
tually cuts the axis. The critical load is found to be P Ip =
cr ez
0.162, corresponding to a twisting mode. In Fig. 43, the two
sway modes with P Ip = 0.155, and the twisting mode with P Ip =
cr ez cr ez
0.162, are illustrated.
Since the value of the determinant does not become
negative near the lowest critical load, as observed in Fig. 42, it
is not possible to obtain the lowest critical load by the, deter-
mintal approach. Another deficiency of the determinantal approach
is that the buckling mode cannot be detected by this method. To
solve these problems, a method applying the eigenvalue approach
is used to check the buckling load obtained by the determinantal
solution. This will be discussed in Sect. 3.6.
For a relatively simple structure, the method of excitation
of a certain buckling mode may be useful. The method is 'demonstrated
here using the same structure. In Fig. 44, the displacements
caused by Cwo types of 'small disturbances at each level of the
applied load P are illustrated.
First, a certain value of vertical load P is applied to
the frame. The reduced member stiffness, which in this case is
column stiffness, is then computed for the load. Small disturbances
which excite a particular buckling mode are introduced, and the
corresponding displacements are computed. Two types of disturbances
are introduced. One excites the sway mode of buckling, and is
assumed to act at the column top along one of the axes of symmetry.
The other excites the twisting mode, and involves three loads
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applied to each column top in the direction perpendicular to the
axes of symmetry. In Fig. 44, the curves for P VB. the sway
deflection 0, and P vs. the twisting angle 0 at the column top,
are plotted. The curve for the twisting mode asymptotically
approaches the horizontal lines in Fig. 44, which represent the
buckling load of the frame, P /p = 0.162. For a load which
cr ez
is close to P the twisting angle resutting from the small
cr'
disturbance is much large~ than that for the smaller value of P.
On the other hand, the curve for the sway mode exceeds the line
for P , which means that the frame is still resisting sway. By
cr
this method of excitation of a particular mode, only the buckling
load corresponding to a certain buckling mode can be obtained,
and the lowest buckling load is not always assured. It is also
yery laborious to check all possible buckling modes by introducing
various disturbances.
3.5.3 Rectangular Space Fr~me
A space frame which consists of four planar frames is
subjected to equal vertical loads P on each column, as shown in
Fig. 45. The column length, h, and t~e depth, l2' are both equal
to 60 r , where r is the radius of gyration of the column cross
. y y
section about the weak axis. The span length £1 has two values:
one is the same as 12 , and the other is 1.5 £2- All columns are
pinned. The cross section of each member is thin-walled "and
rectangular. The buckling load of this frame is P Ip = 0.215,
cr ey
-where P is the Euler buckling load of the columns about the
ey
weak axis. Since the column section is arranged as shown in Fig.
45, the governing mode is a side sway mode in the direction
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perpendicular to the weak axis of columns. For the two cases
studied, the buckling load was found to be exactly the same,
because the stiffness of the beams which are perpendicular to the
direction of sway, does not enter into the analysis.
3.5.4 Rectangular Space Frame
A frame made of wide-flange sections is subjected to a
·set of unequal vertical loads as shown in Fig. 46. Since the
arrangement of the_ column section makes the frame weak against
sway in the Z-direction, the buckling mode is essentially the
sway mode, even though a slight'twisting of the frame is also
observed because of the unequal loading. p Ip is 0.413, where
cr ey_
P is the Euler buckling load of the column about the weak axis.
ey
3 •5.5 Square Space Frame
This example is used to study the significance of the
warping restraint. The frame shown in Fig. 47 is subjected to
equal vertical loads P on each column. All members are made of
the 10"49 shape~ The column section is oriented as shown in Fig.
47. Column height, h is equal to 20 r y , while beam length, t 1 ,
is equal to 60 r , where r is the radius of gyration about they y
weak axis.
Three types of boundary conditions are imposed to examine
the effect of the warping~as explained in Sect. 3.4.
1. Warping restrained at both ends
at x = 0, L e' = 0x
2. Warping permitted at both ends
at x = 0, L 8ft = 0X
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3. Warping rigidity and axial force effect are neglected,
so that twisting moment ,is expressed by
M = GJ e'
x x
The case neglecting the effects of the axial force and
the .warping rigidity indicates that the column itself has only
two buckling modes, that is, the .bending modes about the two
principal axeS of the cross section.
The buckling analysis is carried out for each of the three
assumed conditions. The results are shown in Fig. 48. The lowest
buckling mode is of a sway type, and the D-P curve just touches
the P-axis when the sway buckling load is reached. When the frame
buckles in a sway mode, columns are not subjected to twisting
moment, therefore different boundary conditions for twisting do
not affect the sway buckling load. The D-P curve approaches the
. P-axis again, and gives the buckling load corresponding to the
twisting mode. In Fig •.49, the various buckting modes are shown.
For the twisting mode, three different boundary con-
ditions give three different buckling ,loads, as shown in Fig. 48.
Case 2 gives a lower buckling load than Case 1, because the
twisting rigidity is much reduced by the release of warping restraints.
The'buckling load corresponding to case 3 is obviously higher than
case 2, because in the former ~he twisting rigi~ity is not reduced
by the axi~l force. However, it cannot be easily determined
which of Case 1 and Case 3 would give the" higher buckling load.
This depends on the cross sectional properties of the member, and
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on the type of structure. In the prese.nt example, Case 3 gives
the highest load.
Each column is subjected to sway deflection at
the instant of buckling, although the frame tends to twist as a
whole. ~The twisting takes place ab~ut the geometrical center of
the frame (see Fig. 49), and conseq~ently the t~p of the column
moves to a distorted position as shown. The columns themselves
do not twist significantly, because the'distortion angle about
its center of gravity of each column section is related to the
applied twisting moment, which is found to be very small. This
is believed to be the reason why the three buckling loads are
so close to each other. It has been shown that the warping
restraint has a significant effect on the out-af-plane buckling of
the knee-bent frame shown in Fig. 50, (54',55) but it is not sig-
nificant in the present frame. This fact will be examined further
in the next example.
3.5.6 Portal Frame
The portal frame investigated by Hartmann(37) is used
as an example to study the warping effect. The structure is shown
in Fig~ 51. All members have 12~36 sections, and the beam is
three times longer than the columns, SD that out-of-plane buckling
can-occur.
Three curves giving the relationship between the value of
the determinant of the stiffness matrix and the applied load are
plotted in Fig. 51. Curves 1, 2 and 3 correspond, respectively,
to warping restrained, warping free and the case neglecting warping
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rig.idity and axial force effect. For each case, two loads which
lead to a zero determinant can be obtained. These two loads cor-
respond to two different buckling modes. The smaller value pertains
to the case when the tops of both columns sway in the same direction,
that is, perpendicular to the weak axis of the column cross section,
as shown in Fig. 52. The larger value corresponds to the mode in
which the two columns sway in opposit~ directions, as shown in
Fig. 52. In the former case, neither the beam nor the columns
\
are subjected to the twisting action, thus the buckling load is
unaffected, whether warping is restrained or permitted. In the
latter case, twisting is obviously involved in the frame action,
therefore the buckling load depends on the boundary conditions
for warping. But the difference in th~ buckling load is not very
large, for the reasons explained before.
As observed in Fig. 51, two buckling loads are so close
together and it sometimes becomes very difficult to distinguish
.
between them. Whether or not the correct critical value is obtained
.
depends on the increment of load used in the trial-and-error process. In
the next section a discussion on how to ensure that the true critical
value is obtained will be presented.
3.6 Check of Buckling Load
Consider the typical relationship between the value of
the determinant of the stiffness matrix and the applied load for
a frame. The dots in Fig. 53 represent computed values, and they
are connected by the solid line as shown. The buckling load of
the frame is thus found to be equ~l to P3. However, if the true
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D-P curve follows the dashed line as shown in Fig. 53, the correct
buckling load should be PI and not P3. In cases, particularly
those in which the frame and the applied loads have more than one
axis of symmetry (see Examples 3.5.2 and 3.5.5), the D-P curve
would J·ust touch the P-axis at P = P and then turn upward. The
cr'
determinant does not become negative in the region near P • When
cr
this occurs, it becomes very difficult to interpolate on the
D-P curve to determine the corr~ct. buckling load. Therefore,
in order to ensure that the correct buckling is obtained from the
analysis, it is necessary to. use very small load increments as
the load approaches the critical value.
A method is presented in this section for obtaining upper
and lower bounds to the true critical load. These bounds can be
used not only as estimates of the critical load, but also as a
guide for selection of the proper load increment. The method
is expla~ned with reference to the D-P curve shown in Fig. 54. A
modified overall stiffness' matrix, K(P1), is obtained for a .certain
frame, and the correspond determinant is Dl - At this stage, the
structure is still stable, therefore K(P1) has to be positive
definite. A diagonal matrix, DK(P l ), which is obtained by diag9nalizing
K(P1) is given as
=
o
o
(3.26 )
(3.28)
(3.27)
(3.29)
(3.30)
(i = 1, 2, ••• n)
n
IT
= i=l 8 i (PI) > 0
=
DI = IK(PI)I
= IDK (PI)j
o
n
n
DZ = i=l a i (P2) > 0
Since K(P1) is positive definite,
Then
and two of the a~'s are negative, so that
1.
On the other hand, at P = P2' the frame is unstable,
although DZ is still positive, as shown in Fig. 54. In this case,
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The method of computation explained in Sect. 3.3 should
therefore be modified as follows. First, calculate the reduced
stiffness matrix for the assumed applied load level. This matrix
is diagonalized, and the value of the determinant and all the
diagonal elements are obtained. Repeat. this process for several
load increments, until some of the diagonal elements become negative.
If the total number of negitive elements is even, the 'determinant
.will have a positive valu€1 If the number of negative elements
is odd, then the determinant will be negative. (See Eq. (3.28).)
Suppose that all the diagonal ~lements ar~ positive when P = Pi'
and that two of the diagonal elements are .negative at P = P2'
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as shown in Fig. 54. It is assured that there will be two loads
between PI and P2 , which will result in a zero determinant. For the
case shown in,Fig. 55, two elements of the diagonalized matrix
DK(P2) are always negative, so that the critical load lies between
Pi and P2- In this case, the two ~egative diagonal elements are
_._-> .-identical, whereas, in the case shown in Fig. 54, the two negative
diagonal elements are usually different. Therefore, it can be
visualized whether the D-P curve cuts the P-axis twice, or just
touches it.
- ~-·Once the lower and the upper bounds for the critical
load are obtained as PI and Pz' a new set of trial-and-error
calculations can proceed from the first step as explained
above. PI can be used as the starting load level, and a small
load increment, say (PZ-P1)/lO, may be assumed for each subsequent
trial. The process is repeated until the D-P curve can be inter-
polated to give the correct buckling load.
Consider the following eigenvalue problem
K{P) U - a U = 0 (3.31)
where K(P) is the reduced stiffness matrix, and U the displacement
vector. The solution for a is given by
IK(P) - a II = 0 (3.32)
and the a.'s are the same as the diagonal elements (See Eq. (3.26).
:L
1£ P = P , one of the a.'s are zero; because K(P )= O. When P =
cr 1 cr
·Pl~ and PI is very close to P ,one of the a.'s is very close to
cr ~
zero, if ·there are no multiple roots for a.. The eigen-vector, U.,
1 1
corresponding to this near-zero 8., gives the deflected shape
1
(buckling mode) of the frame. The buck.ling modes d"escribed in
Sect. 3.5 are obtained by this method.
\
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4. SECOND-ORDER ELASTIC-PLASTIC ANALYSIS OF SPACE FRAMES
4.1 Introduction
4.1.1 General Formulation of the Problem
In the first-order analysis presented in Chapter 2, ~he
behavior of a space frame is assumed to be affected only by plas-
tification of its members and equilibrium .is always f?rmulated
on the undeformed configuration of the~ structure. In the buckling
analysis discussed in Chapter 3, the deflection of the members
is considered and the stiffness matrix of the structure is derived
for the deformed configuration. However, it is assumed that any
out-of-plane forces do not .affect the in-plane action of the in-
dividual members so that the three basic differential equations
could be independent~y solved for each member.
In a space frame subjected to combined gravity and lateral
loads,the two effects that were considered separately in the previous
chapters will always appear simultaneously. The structure will th~n
fail under the c9mbined influence of yielding and instability.
In order to make use of the method of analysis described
in Chapter 2) it is required to derive a re lations-hip \>·between the
member end force vector and the member end displacement vector,
similar to Eq. (2.1). Derivation of the necessary relationship
can be accomplished by solving the simultaneous differential equations
for the deflected member. This derivation will be discus~ed later.
If the member end force vector can be expressed as a linear function
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of the member end displacements, like ~q. (2.1), the procedure
employed in the first-order analysis is also applicable to the second-
order analysis. In this dissertation, approximate member stiffness
is derived by assuming the deflections as polynomial functions of
the longitudinal axis. For plane frames, the deteriorated member
stiffness derived in Chapter 3 can be used directly in the analysis
for combined loading condition.
As will be explained later, since the stiffness matrix
is a function of the member end force vector, continuous modification
of the stiffness at a certain level of the load is· required until
the corresponding displacement vector converges.
4.1.2 Assumptions
The assumptions made for the first-order analysis, as
stated in Sect. 2.1.2. are retained in the second-order analysis.
In addition, the following assumptions are also made:
a) Plastic Hinge and Yield Condition
1. Yield condition is expressed by 0.95 ~ G(F) ~ 1.05
where F is member end f?rce vector and G(F) is yield surface
which may be spherical or maybe a surface defined by a
polynomial' function of F, as described in Sect. ~.3.1.
In the first-order analysis, G(F) = 1.0 was used, but
in the present case, an error o£~~% is allowed because
of ~easons to be explained later.
2. The full plastic value for the twisting moment is attained
when the shear stress caused only by warping torsion reaches
the yield shear stress ~ at every point of the crosS
o
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section. Previously it was defined for the- St. Venant
torsion only.
b) Members and Structures
1. The differential equations are set up for the deflected
member. However, the deflections and their derivatives
are assumed to be so small that the cross terms of deflec-
tions could be negligible.
\
2. The only possible locations of plastic hinges are
intersecting points of the longitudinal axes of the members
and the loading points on the members. The possibility that
plastic hinges may form at sections inside each member or
between two loading points is ignored.
3. Warping is restrained only at the joints or at loading
points on the members.
4.1.3 Theoretical Load-Deflection Curve
A typical load-d~flection curve of a space frame obtai~ed
by the second-order analysis is shown in Fig. 56. Circles represent the
hinge formations in the frame, and dots represent the computed deflec-
tions for assumed load leve~s. In the first-9rder analysis, only the
points at which plastic hinges form are computed, and they are
connected by straight lines to form the complete load-deflection
curve. However, in the second-order analysis, the system is no
longer linear, that is, the stiffness matrix is a function of the
existing member end forces. Step-by-Rtep calculation is therefore
required even in the elastic range.
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When the load-deflection curve reaches its maximum point,
the overall stiffness matrix of the structure becomes singular.
Therefore, at this point, a unique solution for the corresponding
deflection is not possible. However, points which are very close
to the maximum point can usually be obtained. The maximum point
does not necessarily coincide with the point at which a new plastic
hinge would form. But practically a new plastic' hinge often forms
at a point very close to the maximum point.
4.2 Member Stiffness Reduced by Member End Force Vector
4.2.1 Differential Equations
The basic differential equations for a member subjec~ed
to biaxial bending moment and axial force at both ends are given
in Ref. 49. These equations are referring to Fig. 57:
E I utI ~+ P u + [- MY z xa z za + ~ (M + M b)] eL za z x M xL (M + M b)ya ya y
EI8"'-·(GJ-P r2 ) 8' + [-M +~ (M +-M )Ju'
w x xa 0 x ya L ya yb y
+ [-M + ~ (M + M b)] u I
za L za z z
o
1
L (M + M b)ya y u - L
1 (M + M b) UY za z z
(4.1)
The cross terms of deflections and their derivatives
are neglected in above equations. Also, it is assumed that the
deflections u and u are zero at both ends. Thus, the transversey z
reactions at both ends are giv~n a~
p =
ya =
p
za
M + M bya y
L
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(4.2)
If, in addition to the biaxial bending and axial force, a twisting
moment is also present, the differential equations become (Fig. 57):
EI u" + P (u -u ) - p . xL (u b-u ) + [-M + -LX (M + M b)} ey z xa z ~ xa z za za za z- x
u ' M
x (M + M b' (4.3a)
- M = - -xb y ya L ya Y
\
(u - u ) - p x {-M + i: (M + M )} 8
__EI u" + p L (uyb-Uya ) +z y xa y ya xa ya ya ya x
EI 8111 _ (GJ - P i) e' +( -M +~ (Mya + Myb )} u'w x xa 0 x ya L y
-I{ -M +!. (M + M b)} u'
za L za z z
1 (M + M b) 1 (M + ~I b) - M- u u =L ya y y L za z z x
(4.3b)
(4. 3c)
The underlined terms in the above equations are the added terms
to account for the effect of the twisting moment and dis-
placements occuring at ends of the member. The transverse
reactions at both ends are derived from the equilibrium of moment
taking into account displacements at ends of the member, then,
p 1 {M b + M b + P (uyb - u )}= -ya L z z xa ya (4.4)
p 1 [-(M + M b) +P (u b - U )}= -
za L ya Y xa z za
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The twisting moment has components which act on the member as bending
u' •
zmoments after deformation. These terms are Mxb u~ and Mxb
equilibrium equations of axial force and twisting moment, .
M = - M
xa . xb
The
(4.5)
have already been used in Eqs. (4.3).
only for doubly symmetrical sections.
4.2.2 Approximate Solution
The term P r 2 S' · d d1.8 erive
xa 0 x
Equilibrium equations which relate external forces and
internal reactions are given by Eqs. (4.3) and (4.4). Differenciating
Eqs. (4.3a) and (4.3b) twice and Eq. (4.3c) once with respect to
x leads to
EI
Y
iv
u + P
z xa
u lt - M
z xb u"'y
+ ~L (M + M b) 8'+(-M + ~ (M + M )}8"=O
za z ~x za L za zb x
(4.6a)
EI u iv+ p u" + M u" ,+ ~ (M + M b) e'+ (-M + ~ (M + M )} 8"=0
z y xa y xb z L ya y x ya L ya yb x
(4. 6b)
EI eiv_ (GJ - p r 2 ) 8" + ( -M + i (M + M b)} U"
w x xa o x ya ya y y
+ {-M + ~ (M + M b)} u" = 0
. za L za z z
(4. 6c)
These equations can be solved for
manner.
u ,y
u and e in the following
z x
Deflections u ,u and e are assumed as polynomial
y z x
functions of the longitudinal coordinate x. They are:
where 81." b., and c. (i=O, 1, 2, 3,4) are unknown coefficients.
1. 1.
Substituting the approximate deflections into the differen-
\
tial equations, and also into the following boundary conditions,
at
at
x = 0: u = u u = u e = ey ya z za x xa
u' =: e u' =-8 S' = 0y za z ya x
(4.8)
x = L: u = uyb u = u e = ey z zb x xb
u' = 6 u t =-8 e' = 0y zb z yb x
A total of fifteen equations containing 15· unknown coefficients
is obtained. They are as follows:
a = u
0 ya
b = u
0 za
c = e
0 xa
= 0
= 0
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a = e (4.9)1 za
b == - e1 ya
c = 01
Z 3 4
a
o
+ alL + aZL + 8 3L + ~4L = uyb
. 234b
o
+ b1L + b2L + b3L + b4L
= u
zb
Z 3 \ 4 8
xbCo + clL + cZL + c3L + c4L =
8 1 + 2a2L +
2 3 e
zb3a3L + 4a4L
=
bl + 2b2L + 3b L
2 + 4b4L
3
=
-8
3 yb
2c ZL +
2 3 0c 1 + 3c3L + 4c4L
=
where
Al == EIw
AZ == -(GJ P l)xa 0
A3 = -Mya
A4
1 (M + M b)== -L ya Y
AS = -Mza
A6
= 1- (M +M ) (4.10)L za zb
B1
=
-M
xb
BZ '
= EI
Y
B3 = Pxa
. D1 == Elz
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These equations can be solved for the unknown coefficients ai' hi'
and c .• The resulting coefficients are expressed as linear functions
1
of the displacements of the two end's.
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2
3 (Sya+ Syb) ( -144~1BZ- 12 (A2B2+ AlB3) L .B1D 2 4 (4.11c)+(AS -A2B3)L )
72 (8 - e b) 2, .. xa x A (-12 A3BZ+ 6ASB1 L - A3B3L )8 3 - - D L 1
+ 2 (uya- u yb )
D L3
6 (u -u b)
za z
. 2
D L
. (8 + e b)
za z
2
D L
2 (28 + e b)
+ ya Y L
D
2 2\-2 A1B2B3) L + 12(AS D1- A2B3D1
. 2 2 4
-2A3B2+ 2A2B2B3+ 2 A1B3 ) L + 12
2 2 2(-144A1B2B3+ 12(-A2B2B3-A1B3+ A3B2) L
3 2 2 • 4
-6A3ASB1 L + B3(A3+ AS -A2B) L )
(-1728 A1B2Dl -144 (A2B2Dl+AlB3Dl
. 2 2 2
+ A1B2B3) L +12 (A3 B2+ AS D1
2 4
- AZB3DI-A2B2B3 - ~B3 ) L
5 2 2 . 6
-6A3ASB1 L +B3 (A3 +AS -A2B3) L )
(72Al~1B3+ 12 A3ASB2 L + 6B1
2 2
+ 6B1(-AS +.A2B3) L )
36 (8
xa
- 8
xb)
=8 4 D L2
3 (u - u )
+
ya yb
D L2
3 (u - U b)
+ za z
D L
3
(28 + e b)
+ za z
D L
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. 2
(-144 A1B2- 12 (A2B2+ A1B3) °L +
(A;- A2B3) L
4 } (4.1ld)
(-288 A1B1B2+ 24 Bl(2A1B3-A2B2) L
2
+12 A3ASB2 L
3
+ 4Bl(~A;+ A2B3) L4)
( -144A1B2- 12 (A2B2+ Al B3) L
2
+ (AS
2
- A2B3) L
4 )
b = u
o za
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(4.12a)
I
I
I
b· =-9
1 ya
36 (8 - e b)
xa xb2 ; D A1
3 (u - U b)
za z
(2 e + e b)
+ ya y
D L
(4.12b)
{-1728 A1B2D1 -144 (A1BZB3+ A2B2D1
2 2 2
+ 2A1B1 ) L + 12 (-A2B2B3+ A3 B2
-2A2B12) L4-4 A3ASB1 LS }
2(-72 A1B1B3+ 12A3ASD1 L + 6B1 (A3
':'A2B3) L
2 }
[144 A1D1+ 12(AZD1+ Al B3) L
Z
+
2 4}(A2B3- A3 ) L
[-1728 A1BZD1- 144(A1BZB3+ AZBZD1
2 2 2
+ 3 AlBl ) L + 12 (A3 B2-A2B2B3
245
-3 A2B1 ) L - 6 ASA3B1 L }
.. '
~.
6 (u - U b)ya x-_
2
D L
2 (u - U b)
+ za z
D L3
2 (28 + e b)
za Z L
D
_ (8 ya+6
D
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(288 A1B1D1+ 24 (-2 A1B3+ A2D1) L
2
3 ' 2 4
+-12 A3ASD1 L + 4 B1(A3 - A2B3) L}
[-1728 A1B2D1- 144 (A1B2B3+ AZB2D1
2 2
-2A1B3D1)L - 12 (2 AS D1+ AZB2B3
2 . 2 4
-2 A1B3 - 2 AZB3D1- A3 B2) L
- 5 2 2 6}
-12 A3ASB1 L - 2B3 (AS + A3 -A2B3) L
(-72 A1B1B3 + 12 A3ASD1L
. 2 ' 2
+ 6 B1 (A3 - A2B3) L }
(144 A1D1+ 12 (A2D1+ A1B3) L
2
. . 2 4
+ (A2B3- A3 ) L}
(-1728 A1B2D1- 144 ~A1B2B3+ A2B2D1
2 2
+ A1B3D1) L -12 (-AS D1+ A2BZB3
~ -2 . 2 4 5
+ A1B3 + A2B3D1- A3 B2) L +6 A3ASB1 L
2 2 6 }
+ B3 (A3 + AS - AZB3) L
(4.12d)
36(8 + e b)
b = xa x A
4 D L2 1
3 (u - u )
+ ya yb
D L
3
3 (u - U b)
+ za z
D L3
. . (2 e + e b)
'za z
+ D
3 (8 + e b)
+ za 2 z B1
. D L
(2 8ya+yb
~ D L
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. 2 2 2(-144 A1(B3D1+ B1 ,)+ 12 (AS D1-A2B1
223
- A1B3 - A2B3D1) L + 4 A3ASB1 L
2 2 4}+ B3 (A3 + AS - A2 B3) L
(-72 A1B1B3+ 12 A3ASD1 L
2 2}+ 6B1 (A3 - A2B3) L·
(144 A1D1 + 12 (A2D1+ A1B3) L
2
. 2 4 }+ (A2B3- A3 ) L .
(4. 12e)
c = e
o xa
c = 01
(4.13a)
(4.13b) .
(144 B2D1+ 12(3 B1
2+ B2B3+ B3D1) L
2
. + B 2 L4}
3
,~
',:,u.,'
",l
II
:l
j1,;"
(4.13c)
{-24 A3B2D1- 2 A3 (3B1
2
+ B3D1) L
2
3+ ASB1B3 L)
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{-36 A3B2D1- 6ASB1D1 L - 3 A3(2B1
2
2 3
+ B3D1) L + ASB1B3 L )
D
D L
12 . (28 + e b)
za z
24 (u - U b)ya y
6 (28 + 8 b)
ya Y L
D
{-24 A3B2D1- 2 A3 (3 B1
2+ B3D1) L
2
+ ASB1B3 L
3)
3 (8 + e b) 2 2
+ X~ y B1L (-12 ASD1+ 6 A3B1L -ASB3 L )
12 (u - U b)
+ za z
D
6 (28 + e b)
_+ za Z L
D
12 (u - U b)
-t. _ ya y
D
6 (6' + e b)
za Z B L
D 4
12 (28 + e b)ya y
D
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(-24 ASB2D1- 2AS(3 B1
2
+ B2B3) L
2
3
- A3B1B3 L }
6 (aya+ ayb)+ B4LD
3 <8
xa
- 8
xb)
c =.4 D L2
2 2( -144 A2B2D1+ 12 (A3 BZ+ AS D1
2 2
-AZB3D1. -AZB2B3 -3A2B1 ) L
+ B3 (A3
2
+ AS2- A2B3) L
4 }
(4. 13d)
12 (u - U b)
+ ya y
2
D L
12 (u - U b)
+ za z
2
D L
3 (8 + e b)
+ za Z B
D 1
6 (28 + e b)
+ ya y
D L
( -36 ASB2D1+ 6 A3B1B2 L - 3AS (2B1
2
2 3
+ B2B3) L - A3B1B3 L }
( -24 A3B2D1- 2 A3 (3 B1
2+ B3D1) L
2
3
+ ASB1B3 L }
( -24 ASB2D1- 2AS (3B1
2
+ Bl B3) L
2
-A3B1B3 L
3 }
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(4.13e)
D in above equations is given by
Substituting x=O and x=L into Eqs. (4.3a), (.4.3b) and (4.3c) gives
the following expressions for the member end forces acting at both
ends.
M = EI u" I - M e - M eya y z x=o za xa xb za
M
za
EI u"l + M e + M b ez y x=o ya xa x ya
I
I
• J 2 IM = EIe" I - (GJ- P r ) e' - M eza w x x=o X~ 0 x x=o ya za
+ M e L1 (M + M b) U - ~ (M -.: M b) U
za ya .ya y ya L za z za
EI u" I - M 8xb + MXb ezby z x=L zb
M = EI ulll + M e - M e
zb z y x=L yb xb xb .. yb
M - - EI 8"' I + (GJ-P r 2) 8 'Ixh w x x=L xa 0 x x=L
+ M
zb e b+ -L
1 (M + M b) U b + ! (M + M b) U bY ya y y L za z z
Equations (4.7), (4.10) and (4.14) can be combined to give
. (4.14)
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M - - 2 D1a2 - A3 e Bl eza xa ya
A1(6 c3+ 24 c4 L) A2 (c1+ 2 Cz L + 3
2 L3)M
xb - -
Cz L + 4 c4
- (A3+ A4 L) ezb + (AS+ A6 L) 8yb + A4 uyb+ A6 u zb
(4. 15)
The transverse shear forces 'can be obtained from Eqs. (4.4) and (4.15).
By substituting Eqs .. (4.11), (4.12) and (4.13) into Eq. (4.15),
the member end forces are obtained as linear functions of the dis-
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AE ."0 0 0 0 0L
0 -826 -527 . -8 -829 -83028
0 -831 -S32 -833 -834 -835
s ;kbb = t".•0 866 867 868 869 870
0 871 872 873 874 875
0 876 S77 878 879 Sao
The S. 1 s (i = 1, 2 ..... , 80) are defined as follows:
1
t (i = 1, 2, 80) (4.18)s. = V. Q ....._)~ ~
V. f S and Q are shown 'in' Table 5.
1
4.2.3 Solution by Finite Difference Method
In order to check the validity of the app~oximate solution
of the deflected beam-column as discussed in Sect. 4.2.2, and also
to examine the possibility of the formation of plastic hinges at inter-
mediate points along a member, the basic differential equations
are also solved by the finite difference method.
The governing differential equations can be written in
the following form, using the coefficients defined in Eq. (4.10).
u
iv + uti + B1 u'" + 2 A6e~
x S" 0B2 B3 + (AS+ L A6 L) =z z y x
u
iv + u" - B u'" + 2 A e' + x A4 L) 8" 0 (4.19)D1 B3 (A3+ L =y. y 1 z 4 x x
eiv 8" + (A3
x L) u" + X u' 0Al + AZ + L A4 (AS + L A6L) =x x y z
At any pivotal point n, the followi~g finite ~ifference expressions
can be written for a dependent variable h.. ~.
h - h
h' n+l n-l=
n 2a
h
n
+1-2hn +hn-lh"
- 2Il: a
h -2h + 2h· - h
n-?h'" = n+2 n+l n-1
n 2 a3
hn+Z-4hn+l+6hn- 4h ·+h
h iv n-1 n-2 (4.20)= 4n
a
where
h = h (x )
n . n
h' dhl= etc.
. n dx 'x=x
n
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and 8 is the length of the 'segment as shown in Fig. 59. In Fig .
.60, ·8 deflected member in the x-y plane is shown. Point N always
represents an interior .point and points 1, 2 (N+4) and (N+5) are
imaginary points outside the member. Therefore the member begins
at 3 and ends at (N+3). ,Applying the difference' formulas given
.by Eqs. (4."20) to Eqs •. -(4. 19), the 'following s imul taneous equations
are obtained for point n.
- - - - (4.21)
e
x(n+l)
u y(n-Z)
t
o
B .
1
- --=--a2o
I
Al I 0 0
2 I. 3 I 3
---- .. (:'::4A
1
+ AZa) I {-A
4
a + I (-A
6
a +
: (A3+0;3A4L)aZ) I (AS+r;3PtL)aZ)
2 I n-3 /" 2 I n-3 2(6Al -2A2a) I -2(A3~A4L)a I -2(A5+:NrA6L)a1 I
2 I 3 I 3(-4A1+AZa) I (A4a + . I {A6a +
I (A 10- 3A L)a2} I (A +0-3A L) 2}
I 3N4 15N6 a
I I
t 0 I
I I
I I
I
_______ J ~------
I
o
o
uy(n-l)
u y
uy(n+l)
u
z(n-2)
U
z(n-l)
u
z
U z (n+1)
uz (n+2)
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where 3~n~13) which means that the above equations are applied at
points that start at the left end and end at the right end of the member.
Therefore, 33 equations can be written for 11 (3,4, ••••. , 13)
points with 45 unknmvns (8 , u , u , n = 1,2, ••.•• ,15). To
xn yn zn
obtain complete solution' to the problem, additional equations are
necessary, and they are supplied by the known boundary conditions
at the two ends.
at x = 0: ex = 0
e' = 0 or e" = 0x x
u = uy ya
EI u" M e + M b u' - - M
z y ya x x z za
u u
z za
EI u" - M e-
-..,. ,
= .M (4.22)M b'uy z za x x y ya
at x = L: EI S"!..(GJ-P r 2) e' + Myb u' + M u'w x xa 0 x _y zb z
1: (M + M ) 1 (}1 + M b) - Mu - u =L ya yb y L za z z xb
a' = 0 or 8" = 0x x
u = uyby
EI utI + M e + M u' =M
z Y yb x xb z zb
u = u zbz
EI utI + MZb e - Mxb
u' = MybY z x y
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t
3 2 . a3a 0 0 0-(A3+A4L) 2 D1a -B - u12 y (N+2)
4 0 4 -2D1a
2
0 0-A4a a u Y<N+3)
3 2 . 3a 0 0 aB1
(A3+A4L)y D1a 0 B1Z u y (Nt4)
0 3 3 2a a
-(AS+A6L) 2 0 0 B1 '2 0 B. a u Z (N+2)zuyb 4 4 21 -A a 0 0 0 a -2B a uz (N+3)AS+A6 -4 6 2
a 3 \ 3 2a 0 0 -B ~ 0 B28u zb (AS+A6L) 2 1 2 u z (N+4)
-(A3
-A ~ 0 0 0 0 0 8x~+1)+A4L) 1 2 3 3
a a 2 0 0 0 0 8x (N +2)(A1a-A22) -2 0 a-
0 2 4 4 80 -2a 0 (A3+A4~)a 0 (AS+A6L)a x (N..+3)
3 3 2a 0 0 0 0 8x (N +4)(-A1a+A2 Y) a a2
a 0 0 0 0 0 e .Al '2 x (N.·+5)
(4 .24)
4.2.4 Deflected Configuration and S~ress Resultants of Sample
Members
. .. -
Numerical-~omputations using the finite difference method
described in Sect. 4.2.3 were perform~d on a 12W79 member having
a total length of 60 r. It is subjected to the following combinedy
loads at both ends:
p = 0.6 P M = '0.4 MWx xo x xo
M =
- 0.4 M Myb = 0.4 Mya yo yo
M = 0.4 M MZb = -0.4 Mza zo zo
The applied bending moments cause the member to deflect in a symmetrical
configuration with no reversal in curvature.
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In Fig. 61, the deflections are shown along· the .1~ngitudinal
axis of the member. The distribution of the bending and the twisting
moments (stress resultants) at the pivotal points are in nondimensional
form in Fig. 62. MW and Mst are the full plastic moments due to
xo xo '
warping and St. Venant torsion, respectively.
The stress resultants are calculated by. the following
equation: \
GJ S'
x
MW = - EI e'"x w x
M = EI w"y y
M - - EI v"
z y
Therefore, the effect of the out-of-plane action is not included in
these stress resultants-. For this reason, the stress resultants
at the two ends are not exactly equal to the applied loads •
.
As may be observe4 in Fig. 62, the St. Venant twistng moment
exceeds the full plastic value in the region near the midpoint of
the member. And al~o, bending moments reach their maximum values
at the midpoint (because of the influence of the secondary moment).
To ch~.ck the possibility of plastic 'hinge, fonnation at intermediate
points along the member, the values of
(::0) + (:~ ) + (:~o) + (::0 )2
xo
at all the pivotal points are calculated and plotted in Fig. 63.
The moment M is obtained by
x
(4.25)
M
x
= - EI e" I + (GJ - P r 2) eI
W x 0 x
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The member will
Figure 63 shows that the values of Eq. (4.25) exceed 1.0 at some
points near the midpoint of the member. However, the difference is
considered to be sufficiently small.
The above study is also· carried out for the same member
but with the direction of Myb and Mza reversed.
thus deform in double curvature. This is a more representative
situation for columns in three-dimensional multi-story frames. The
loads applied at the ends of the member are:
p = 0.6 P M = 0.4 MW
x xo xb xo
M = 0.4 M Myb = 0.4 Mya yo yo
M = 0.4 M M
zb
r-. 0.4 M
za zo zo
Deflections and stress resultants at the pivotal points along the member.
The deflections are considerably less in this.£ase than in the previous
case, so the influence of secondary moment becomes very small.
Maximum bending and warping moments occur at the ends. Therefore,
the maximum value of Eq. (4.25) also oc~urs at the ends (Fig. 66).
The results presented above seem to justify the assumption
that plastic hinges form only at the ends of members and at loading
points.
4.2.5- Comparison of Approximate Solution with Other Solutions
To check the accuracy of the approximate solution obtained
by the method explained in Sect. 4.2.2, the results by this method
are compa.red with those g~ven by Culver(48) and by the finite difference
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method. The sample member analyzed is shown in Fig. 67. The cross
section is 14W43 and the axial force is applied with 5 inches of
~ccentricity in the y and z directions. The boundary condition for
twisting is
S' = 0
x
The relationships between the applied load P and deflections
u ,u and e at the midpoint of the column are shown in Fig~ 68.y z x
Three lengths are selected in this study: L = 40 r , 60 rand 80 r •y y y
The solid lines represent the approximate solution and the dashed
lines are obtained by finite differences. For the case with
L =-60~r Culver's solution is shown.y It is seen that the
agreement of the approximate solution is good for short columns and
that the accuracy of the approximate solutions decreases as the length
increases. The use of the approximate sol~tion can 'therefore be
justified for building frames of 'practical proportions.
4.3 Elastic-Plastic Behavior of Space Frames
The approximate solution of deflections for individual
members developed in Sect. 4.2 can be used to obtain load-deflection
curves of space frames. The techniques used in the computation are
discussed here. The general procedure is the same as that explained
in Chapter 2 for the first-order analysis. The difference is that
in the present analysis the system is not li~ear and, consequently,
trial-and-error process has to be employed even in the elastic range.
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4.3.1 Member Stiffness Matrices
Member stiffness matrices are computed as described in
Sect. 4.2.2. Elements in the stiffness matrices are functions of
cross sectional properties and member end forces. The relationships
between member end force and member end displacement vectors are
given by .
F = k (F) u (4.26)
This equation corresponds to Eq. (2.1) in the first-order analysis.
Equilibrium conditions between the member end forces and app~ied
load vector at each joint lead to a set of simultaneous equations
of the following form
P = K (F) U (4.27)
This equation corresponds to Eq. (2.4) in the first-order analysis.
In this equation, F is usually not known. Therefore, U can not be
obtained directly from this equation; therefore, the trial-and-error
process must be ,employed.
At a certain level of applied load pI, the structural
b Fl d U1 •responses are given y an Equation (2.4) is applied to
obtain the first approximation of the displacement vectors.
To obtain the first approximation of member end force vectors,
(4.28)
Eqs. (2.1) and (4.28) can be used. The first approximation is
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K and k are assumed to be unaffected by~the member end forces. The
first approximation of the member end -force vector in Eqs. (4.28) and
(4.29) is then used to calculate the modified member stiffness matrix
k(F1(1». and the overall stiffness matrixK(Fl(~». These matrices
are used to obtain the second approximation for displacement vector
"1(2) . " .
u by Eq. (4.27), and subsequently, the second approximation for
1(2) .
member end force vector F by Eq. (4.26). This process of com-
putation is repeated until the displacement vector obtained from
\
the nth approximation is sufficiently close ~o the displacement
vector Ul(n-l) from the (n-l)the approximation. The criterion used
is
u(n) _ u<n-l)!
. U(n) ~ 0.0001
The member release and conversion of the global coordinate
system is accomplished in th'e same way.as described in Sects. 2.2,:'1-·2.2.2.
4.3.2 Satisfaction of Yield Condition
. Once 'the structural responses F and u are obtained for
a given load P, it is necessary to check whether or not" the member
force vector at any point satisfies the yield condition. If one
of the member end force vectors satisfies the yield condition, the
stiffness matrix for this member has to be modified before applying
additional load.
The· value of the yield function G(F) is computed at every
possible hinge location by using Eq. (2.40). These values are checked
to see if any hew hinge would develop in the structure. Since the
computation procedure involves assuming a set of loads first and then
compu~ing F by trial-arid-error, it would be very laborious (and
-122
time consuming) to determine a set of F.which will satisfy
the yield condition precisely. For this reason, instead of requiring
G(F) = 1.·0 for new hinge formation, it is assumed that a hinge will
form if G(F) is within the range
0.95 ~ G(F) s; 1.05
An error of ±5% is considered to be acceptable in the analysis.
If one of the member end force vectors satisfies ~q.
(4.30) .
(4.30), the member end force vector is reduced so that it may not
violate the yield condition during the subsequent application of
load. The modified member stiffness is computed based on the unit
normal vector to the yield surface at point at which the member
end force vector satisfied Eq. (4.30). The procedure of computation
is the same as exp~ained in Sects. 2.3~5 and 2.3.6.
Suppose that a member end force vector F satisfies G(F) =
0.95 as shawn in Fig. 69. Obviously this vector does not reach
the true yield .surface G(F) = 1.0. The assumption stated above
means th,a t G = 0.95 is also an acceptable yie I,d surface and is
affine to the true one. Therefore, a ~amily of surfaces, G = a
are all affine to each other, and are all valid yield surfaces so
long as·a is between 0.95 and 1.05.
In Fig~ 70 the unit normal vector N to the yield surface
G = 0-_ 95). is shown. 'This vector is slightly different from the
unit normal vector associated with ,the tru~ yield surface G = 1.0.
This is illustrated in Fig. 71. A force vector Fl is obtained for
a load level pi which satisfies G(F l )= 0.95, and another force vector
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F2 is obtained for p2 which satisfies G(F2)= 1.0. Since the system
is nonlinear~ F2 cannot be obtained by sLnply multiplying FI by
p2 1 2
the ratio -r. In other words) the directions of F and Fare
p 1 2
slightly different, even though F and F are the force vectors
~ccuring at the same point in the structure. Therefore, the error
involved' in the yield condition would also affect the unit normal
vector or the plastic hinge action. However) experience has shown
that any error in the yield condition affects mainly the length of
the member end force vector required to satisfy the yield condition.
The difference in the unit normal vector has only a minor influence
on the overall response of the structure.
4.3.3 Instability and Unloading
In the present analysis, the member s'tiffness is gradually
~reduced due to the member end force, in a manner similar to that
descrlbed in Chapter 3 for buckling analysis. The deterioration of the
member stiffness causes a reduction of the overall stiffne'ss of a
structure. At a certain level of applied loads, the struct~re loses
its resistance against one or more of the applied loads. Since pro-
portional loading is assumed in the analysis, the structure is con-
sidered to have reached a state of failure because it can no longer
sustain· any further increase (proportional) of the applied loads.
In addition to the reduction of the member stiffness, there
is also a gradual reduction of the overall stiffness because of the
successive formation of plastic hinges., When a sufficient .number
of plastic hinges form in the structure) the structure will become
geometrically unstable.
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~he gradual reduction of the member stiffness and the overall
stiffness eventually lead to failure by frame instability. -_When this
occurs, the overall stiffness matrix of the structure becomes
singular. (This situation also occurs in the first-order analysis
when the structure reaches a mechanism state~. The load-deflection
curve reaches a maximum point and starts to unload.
In the computation, when the load-deflection curve reaches
. \
a maximum point, the displacements do not converge for further
application of load increments. It may also happen that the
displacements converge, but stress reversal occurs somewhere
in the structure. By these phenomena, it is recognized that the
computation should be continued by decreasing the applied load after
passing the maximum point.
4.4 Examples
Several sample frames are analyzed using a computer
program developed for the second order analysis. Cross sectional
properties, materia~ properties and dimensions of the frames studied
are tabulated in Table 4.
4.4.1 Simple Space Assemblage
I
I
As a first example, the simple beam-and-column assemblage
shown in Fig. 72 is analyzed. All members are of the same cross
section, 14W43 and have equal length, L = 60 r. The base of they
'column is fixed and the ends of both beams are roller-supported.
They can move freely in the plane of the beams. Only a vertical
reaction can occur at each roller support. An axial load and two
horizontal loads are applied at the top of the column. One of the
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horizontal loads that causes bending about the weak axis of the
column is equal to half of the other load.
In Fig. 72, two load-deflection curves are shown. One
is obtained from the first-order analysis and the other from the
sec_cnd o:rder analysis. Figu17e 72 also shows the failure mechanism
of the structure, which includes two plastic hinges forming-at the
top and the bottom of the column. This is common for both types
of analysis. The levels of loads and displacements when each
plastic hinge forms are very close, and no significant instability
phenomenon is observed. This is because the axial load on the
column is very small and the column is not excessively long.
4.4.2 Square Space Frame
In Fig. 73, a space frame is shown which is a three-
dimensional assembly of four portal frames. All members have a
length of 12 feet-. The lO,f60 shape is used for the 'columns and
18/60 for the herons. The frame was analyzed py Ovunc for the
. loading condition shor..vn in Fig. 73a. (24) In the. present analysis,
the ~oncentrated loads applied to the beams are replaced by equiv-
alent joint loads as shown in Fig. 73b~
In Fig. 74, the load-deflection curves and the failure
mechanisms of the frame are shown. The small plateaus caused by the
member end force reduction at the plastic hinges are omitted for
clarity. The result obtained by Ovunc which includes some instability
effect gives loads higher than those obtained by the first-order
analysis. This is because of the difference in 'the yield conditions
-126
employed in the analysis. The effect of interaction. 0.£ combined
stress on the yield condition is not considered in Ovunc's case.
He assumed that a plastic hinge would form if one of the two bending
'moments at any point of the frame reached the full plastic value
which is not reduced by axial force or twisting moment. In the present
study" spherical yield condition is used in both first and second-
order analysis.
I ·· ,. \ h hh b· dt 18 1nterest~ng to note t at t e inge patterns 0 ta1ne
from the first and second-order analyses are somewhat different.
Four hinges (1, 2, 3, 4) form at the ends of the two columns that
lie in the plan~ of the applied horizontal load. These hinges form
at almost simultaneously when the deflection is about one inch. A
large additional deflection takes place before the fifth hinge forms.
In the first-order analysis, a significant increase of load is
observed in this region, while the load levels at formation of the
fourth and the fifth hinges are almost identical in the second-
order analysis. Unloading. starts in the second-order analysis a~ter
the fifth hinge forms,. In the first-order analysis', two plastic
hinges form in one of the beams(6,8) but there are no beam hinges
in the second-order analysis.
A first-order analysis is also performed for the frame
u~ing the polynomial yield condition as defined by Eq. (2.31).
Coefficients A.'S used in the analysis are those listed in Eq.
~
(2.30). In Fig. 75, two curves are shown. The dotted line shows
the load-deflection relationship of the frame based on the spherical
yield condition and the solid line is the relationship obtained by
using the polynomial yield condition. The general shape of the
circles indicate assumed load level at which the second-order
The space frame shown in Fig. 76 is analyzed as the next
The results obtained from the first-and second-order
Frame with Pentagon-Shaped Roof4.4.3
In the first-order analysis, the formation of eight hinges
two curves are almost identical and the .order of plastic hinge
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formation is exactly the same. However, the ulti~ate strength
obtained using polynomial yield condition is about 13% lower.
the top of one of the columns and five vertical loads with a combined
example. The frame is subjected to a horizontal load P applied at
total of 25 P. All members are 8W24. The length of the beams is
load-deflection curves represent plastic hinge formation and solid
lower than that from the first-order analysis. In order to mainta.in
in the four columns does not result in failure. In fact, the structure
equal -to 30 r and that of the columns is 60 r •y y
of the seventh hinge.
analy~is is performed to obtain the corresponding displacements.
equilibrium, the applied loads must be reduced after the formation
The second-order analysis gives a maximum load which is about 16%
"analysis of the frame are shown in Fig. 77. Open circles on the
I
I
is capable of sustaining some additional loads by utilizing the
torsional resistance of the center column. This can be explained
with the aid of Fig. 78. The four columns having plastic hinges
forming at both ends are replaced by roller supports.which can
move freely in the plane of the roof. The dominant member force
in the center column is the twisting moment. Therefore the frame
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will not fail unti.l the carrying capacity of this column is ex-
hausted.
4.4.4 Two-Story Frame with Triangle-Shaped Floors
I
,
As the last example, the triangular two-story frame
shown in Fig. 79 is analyze~. Each column in the upper story is
subjected to a vertical load of 4P and additional load of 2P is
applied to each column in the lower story. Two horizontal loads
are applied as shown in Fig. 79; they cause twist of the entire
frame.
The dashed line in Fig. 79 gives the result of the first-
order analysis. The effect of combined loads causes five plastic
hinges (1, 2, 4, 5, 7) in the columns of the lower story. When
this occurs, the frame can rotate freely about the center columns
and no further increase of the applied loads is possible. The
result of the second-order analysis, shown by the solid line indicate
significant influence of frame instability•.Even in the elastic
range, the presence o~ high axial forces in the column causes a
noticeable reduction of the stiffness of the' structure. The maximum'
load is reached after formation of oniy four plastic hinges (1, 2, 3,
x). A fifth hinge (marked as 6 on the load-deflection curve) fonns
during unloading. The slope of the unloading portion of the load-
deflection curve appears to be much steeper than that observed in
Example 4.4.3.
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5. SUMMARY AND CONCLUSIONS
Developed in this dissertation are methods for performing
the fol1OW,ing three types of analysis for space frames:
1. First-order, elastic-plastic analysi~
2. Buckling analysis for a gravity loading condition
3. Second-order, elastic-plastic analysis.
The formulations of the methods. have been described in detail in
Chapters 2, 3 and 4. For each method presented, a computer program
has been developed and applied to the analysis of several sample
s truc ture s •
In the first type of analysis, it is assumed that the
maximum load will not be reached until a plastic mechanism develops
.
in the structure. Therefore, a sufficient number of plastic hinges
must form before 'failure can occur. The members in a space frame
are usually subjected to combined biaxial bending, twist and axial
force-. An appropriate yield condition must be used in order to
determine the combinations of these forces that will cause plastic
.' hinges to form. According to the theory of plasticity, the yield
condition also defines the plastic deformation occurring at each
hinge, because of the normality condition. The yield condition is
thus regarded as one of the most important factors in affecting
the behavior of frames. Two yie Id surfaces" a spherical one and
a polynomial one, have been used in this dissertation.
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The response of the frames is de~ermined by employing
the incremental loading method and ~umerical computation is carried
out in the following steps:
1. A unit set of structural responses, member end forces
and joint displacements, 'are first o.btained for a
se t of uni t lond incremen t •
2. The ratio of member end- forces computed in Step 1 to
the member end force which will satisfy the assumed
yield condition is calculated at each of the possible
hinge locations.
3. The smallest ratio obtained in -Step.2 gives ~he
applied load level and the corresponding structural
responses at which the first plastic hinge forms.
4. The Stiffness of the member containing the plastic hinge
is determined by applying the flow rule for incremental
plastic deformation. The ov~rall stiffness of the
structure is modified to include the new member stiff-
ness. Further increment of loads is then applied
and the process repeated.
The computation is terminated when the overall stiffness of the
structure becomes zero. This always coincides with the formation
of a failure mechanism.
Most of the example problems given in Chapter 2 were,
solved using the spherical yield condition. One example involving
a square space frame was analyzed by using both the spherical and
the polynomial yield conditions (Fig. 75). The results obtained .
I
,
'I
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indicate that the load-carrying capacity i~ significantly affected
by the choice of yield condition. However, the general shape of the
load-deflection curves and the order of hinge formation are almost
unchanged.
An analysis was made on a triangular space frame with
.,
tubular members (Fig. 34). Significantly different load-deflection
curves were obtained, depending on whether or not the torsional
stiffness of the members was in~luded in the analysis.
In the buckling analysis discussed in Chapter 3, the
loads are assumed to be applied in such a manner that all members
are subjected only to axial forces (no pre-buckling moment). The
method presented is based on the determinant~l approach which
makes use of the concept that the determinant of the overall
stiffness matrix goes to zero as the applied load reaches the ~~itical
value. In using this method, the critical load is obtained by
gradually increasing the applied load ~nd ~bserving the change in
the value of the determinant. A bound of the critical load can be
established when the value of the determinant changes from positive
to negative. In analyzing the sample frames described in Sect. 3.5,
it was found that for structures with more than one axis of symmetry
the detenninant 'never becomes negative .at certain critical loads
(Figs. 42 and 48). A different bounding technique was therefore
developed, the details of which have been described in Sect. 3.6.
Also included in Chapter 3 is a detailed study of the
effect of warping restraint on the buckling load. In Examples
3.5.5 and 3.5.6.critical loads, all corresponding to the twisting
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mode, were obtained for three different' restraining conditions
(Figs. 48 and 51). The critical load determined for the warping-free
condition is the lowest among the three loads. The other two loads
were obtained for the warping-fixed condition and for the case in which
warping rigidity and the effect of axial force were assumed to be
negligible. No general conclusion can be drawn as to which load
should be the higher one. The three critical 'loads are so close
to each other that any difference between them may be ignored in
practical application. This of course is not true in the case
of individual column buckling. The reason is believed to be that
during overall.buckling, the column themselves do not twist
appreciably about their own axes. The dominant deformation is
the flexural type, ~ven though the frame as a whole fails in a
torsional mode.
In Chapter 4 the method described in Chapter 2 ftlr the first-
order analysis was modified to include the instability effects of
individual members and of overall frames. When these effects are
included in the analysis, the results show that a frame tends to
fail before the formation of a plast·ic mechanism. The frame loses
its stiffness due to the combined influence of yielding and in-
stability. At the instant when the maximum load is reached, the
stiffness of the entire structure also becomes zero.
The instability effects are included in the analysis by
developing a set of algebraic equations governing the behavior of
individual members loaded by combined biaxial bending, twist and
axial thrust. These relationships, as expressed by Eq. 4.18, are
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analogous to the slope-deflection equations commonly used in the
analysis of Dvo-dimensional structures. They were developed by
obtaining an approximate solution to the basic differential equations
for a biaxially loaded column. The resulting approximate equations
are directly incorporated into the incremental procedure developed
for the first-order analysis. Since the relationship between the
structur~l response and the applied load is not linear, it is no
longer possible to perform the analysis from one hinge to the next as
was done in the first-order analysis. In fact, very small load
increments must be used, andJfor each increment, it is necessary
to repeatedly solve for the member end forces and then modify the
member stiffnesses until the member end forces and the corresponding
displacements converge.
Second-order, elastic-plastic analyses were performed
on several sample frames by the method developed (Figs. 74, 77
and 79). The load-deflection curves obtained consists of an
ascending(loading) portion and a descending (unloading) portion.
The peak of the curve determined the maximum load of the structure.
When the vertical load is small, the maximum load obtained by the
second-order analysis is only slightly lower than that obtained
by the first-order 'analysis (Fig. 74). The order of hinge formation
and the locations of the hinges are not significantly altered. When
the applied vertical load is relatively large, the response in the
elastic and elastic-plastic range is significantly affected by
instability (Figs. 77 and 79). This results in a substantial
reduction in the ioad-carrying capacity. Also, the descending
portion of the 'load-deflection curve~curve tends to have a.steeper
slope.
)
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It is realized that further inyestigation is necessary
in order to understand more fully the behavior of space frames under
various types of applied load. A number of important problems are
suggested here. As stated above, yield condition is considered
to be one of the most important factors involved in the analysis o
··--A·..,Jrlore--detailed .. study of the appropriate yield conditions to be
used for space frames is necessary and additional'analyses should
·be performed with different yield conditions. Another problem is
.~elated to the assumption that a plastic hinge can form only at
the end of members. Although some evidence was obtained to support
this assumption, a more complete study is warranted. In this
study all loads are assumed to be proportionally applied and increase
(or decrease) monotonically during the entire history of loading.
Eurther studies should be made for frames subjected to constant
gravity loads and varying lateral loads. The lateral loajs may
be repeated and reversed to simulate the effect of earthquake
shock. For these studies a method which will account for the
effect of strain reversal must be developed. Finally, an extensive
experimental program is suggested in order to provide confinmation
of the' analytical procedure developed in this dissertation. Ex-
periments may be initiated by testing individual members under com-
bined loads. The results may yield the necessary informatio~ for
the development of an improved formulation of the reduced member
·stiffness. Tests of space frames u~der combined gravity and lateral
loads are also needed for studying the overall behavior.
6. NOMENCLATURE
Chapter 1
H = Horizontal load;
M = bending moment;
M = full plastic bending moment;
0 \
p = vertical load;
T = twisting moment;
T = full plastic twisting moment;
0
~ = ratio of T to M0 0'
6, fj, = horizontal displacements;
(J = normal stress;
cr '. = yield normal stress;
0 ! '
,. = shear stress.
Chapter 2.
A
A.
~
a.
l.
B.
1
b
C
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= area of cross section;
= coefficients for the polynomial yield
surface {i = 1,2, ••• 19);
= constants appear~ng in the' expression of the
unit normal vector (i ~ 1,2 ••• 6);
= column vector indicating the release of the
member end force;
= widt~ of flange of wide-flange section;
= matrix consisting of column vectors B.;
~
cd
d.
1
dF, dF', dFb8,
dF', dF"
df'
dMo
x
dMo ~ dMo
y' z
dmo
x
0 dmodm ,y z
dpo
dpl
dpo
x
dp , dPba
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= constant appearing in the expression of modified
member stiffness;
= depth of wide-flange section;
= constant appearing in the expression of modified
member s~iffness;
= incremental member end force ve-ctors;
= incrementa1 member end force vectors corresponding
to the unit incremental load dpo;
\
member end force at the= incremental vectors
plastic hinge appearing duripg the process
of the reduction of the member end force;
= incremental member end force vector corresponding
· 1
to the applied incremental load dP ;
= incremental member end force vector corresponding
oto the unit incremental load dP at the nth
step of incremental loading;
= nondimensionalized vector of dF';
= incremental twisting moment corresponding to
the unit incremeqtal dpo ;
= in~rem~ntal bending moments corresponding to
the unit incremental load dpo;
= nondimensional1zed incremental twisting moment
corresponding to the unit incremental load dpo;
= nondimensionalized incremental bending moments
corresponding 'to the unit incremental load dpo;
= ·unit incremental load vector;
= applied load vector in the first step of
incremental loading;
= incremental axial force corresponding to the
unit incremental load dpo .,
= ,joint load vectors to reduce the member end
force at the plastic hinge;
= component of a member end force vector F
= full plastic value of component of F.;
1.
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incremental displacement vector corresponding
to the unit incremental load dpo at the nth
incremental displacement vectors corresponding
to the u~it incremental load dpo ;
incremental plastic displacement vectors;
incremental displacement vector corresponding
to the applied incremental load dpl;
incremental elastic displacement vectors;
incremental displacement vectors
nondimensionalized incremental axial force
correspond~ng to the unit incremental load 4po;
overall incremental displqcement vector cor-
a
responding to the unit incremental load and dP ;
step of incremental loading;
= Young's modulus;
= constant appearing in the expre,ssion of
modified member stiffness;
= accumulative member end force vee tors;
= member end force vector at the end i of the
member m;
= incremental displacement vector caused by the
reduction of the member end force at the plastic
hinge;
= accumulative member end force vector when the
nth step of loading is accomplished;
= member end force vector corresponding to unit
load po;
=
=
=
=
=
=
=
E
e.
1.
F, F
a'
Fb
F.
1.
F.
1.0
F~
1.
Fn
FO
du"
e e edu , du
a
, dUb
duP duP duP
, a' b
o 0
dua,dub
ff.
1
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= nondimensionalized member end force vector;
= ,component of nondimensionalized member end
force vector f;
G
G(F)
H
,h,h'
I
w
I , IY z
J
=
=
=
=
=
=
=
=
shearing modulus of elasticity;
general function describing ,the yield condition;
applied horizontal load;
constants indicating the amount of the reduction
of -the member end force at the plastic hinge;
· \ f··warp~ng moment 0 ~nert1a;
moments of inertia;
St. Venant torsional constant;
overall stiffness matrix;
modified overall stiffn~ss matrix;
k
kaa,kab,kba,kbb
mk ..1.J
L
.t
M
M
x
M,MY z
= modified overall stiffness matrix at the nth
step of loading;
= member stiffness matrix;
= member stiffness matrix at nth step of loading;
= member stiffness.matrices of the member con-
necting the joint a with h;
= member stiffness matrix of the member m con-
necting the joint i with j;
= modified member stiffness matrices;
= member length;
= length of rectangular element of wide~flange
section;
= column vector consisting of ~.;
1.
= twisting moment;
= bending moments;
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= full plastic twisting moment· assuming that
the cross dection is subjected to St. Venant's
torsion only;
= full plastic twisting moment assuming that the
cross-section is subjected to warping torsion
only;
M Myo' zo
m
-x
N.
1
n
n.
1
p
p
x
p , p
y z
p
xo
p
=
=
=
=
=
=
=
=
==
==
=
==
=
=
=
full plastic bending moments;
nondimensionalized twisting moment;
nondimensionalized bending moments;
\ .
dimensional unit normal vectors;
components of N;
nondimensionalized unit normal vector;
components of n;
applied load vector;
unit load vector;
accumulative applied load vector when the, ..nth
step of loading is accomplished;
axial force;
transverse shear forces;
full plastic axial force assuming the cross
section is ,subjected to simple tension;
applied load vector at the joint i;
nondimensionalized axial force;
nondimensionalized axial force
R
T
t
= rotation matrix;
= transformation matrix;
= thickness of rectangular element of wide-
flange section;
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= thickness of a flange;
= overall joint displacement vector;
= overall joint displacement vector corresponding
to the unit load po;
= accumulative overall joint displacement vector
when the nth step of loading is accomplished;
= joint displacement vectors;
= displacements in x, y and z directions, respectively;
= accumulative joint displacemept vector when
the nth step of loading is accomplished;
u, u
a'
u b
u
x'
u y' u z
n
u
0
u
e e
u
a'
u b
r r
u
a'
ub
=
=
=
joint displacement vector corresponding to
the unit load pO;
elastic joint displacement vectors;
joint displacement vectors caused by the release
of member end force;
= load muliplier;
= incremental load multiplier;
M /0);
xo 0
global coordinate system;
local coordinate ~ystem;
full plastic modulus for twisting ( =
full plastic modulus for bendi.ngs;
horizontal displacements;
rotational angles about x, y and z axis,
respectively;
=
=
=
=
=
= nondimensionalized twisting moment and "biaxial
bending moments;
=
= incremental load factor for nth step of incremental
loading;
x, y, z
x, y, z
z
x
z , zy z
8, .~
ex' ey' ez
dA
dAn
x, y, z
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= load factor for initial loading;
= constant describing the amount of the dis-
placement caused by the release of the member
end force;
= constants describing the amount of the, incre-
. mental plastic displacement at the plastic
hinge;
= Poisson's ratio;
~~.1J
= cosine of the angle between axes i and j;
cr
o
= yield normal stress;
T
o
= yield shear stress;
- Denotes quantities associated with the global system x-y-z
Chapter 3
A = area of cross section;
= unit matrix;
= member end force vectors;
integral constants;
Eigenvalue of overall stiffness matrix K(P);
= warping moment of inertia;
= value of the determinant of the overall stiff-
ness matrix when no load is applied;
= shearing modulus for elasticity;
=
= column height;
= value of the determinant of K(P.);
1
= diagonalized overall stiffness matrix K(P);
= Young's modulus;
=
= value of the determinant of the overall stiff-
ness matrix K(P);
D
0
D.
1.
DK(P)
E
F , Fba
G
h
I
I
w
a.(P)
1
A,B,C,D
D
I , IY z
J
K
K(P)
=
=
=
=
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moments of inertia;
St. Venant torsional constant;
overall stiffness matrix of a structure;
overall stiffness matrix deteriorated due to
applied load P;
k , k , k
x y z
k
aa' kab , kba~ kbb
k (P), k b<P)aa a
kba(P). kbb{P)
L
£1' £2
M, M , M
x y z
'M M
xb·xa'
Mya' Myb.
M
za'
M
zb
p
P
p
x
p , py z
p
ya' Pyb
p
za' Pz~
= functions of axial force appearing in the ex-
pression of reduced stif~ness;
= member stiffness matrices of the member which
\
connects~joint a with joint h;
= member stiffness matrices deteriorated due to
axial force Pj
= member length;
= beam lengths;
= twisting moment and biaxial bending moments,
respectively;
= twisting moments acting at ends a and b of a
member, respective ly;
= bending moments about y-axis acting at ends
a and b of a member, respectively;
= bending moments about z-axis acting at ends
a and b of a member, respectively;
= applied load vec tor;
= vertical load;
= axial force;
= transverse shear forces in y-and z-directions,
respectively;
= transverse shear in y-direction acting at ends
a arid b pf a member, respectively;
= transverse shear in z-direction acting at
ends a and b of a member, respectively;
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p
cr
= critical load of a frame;
: buckling load of a simply supported column
when it buckles in twisting mode
p p
ey' ez = Euler buckling loads of a simply supported
column when it buckles in bending about
y-and z-axes, respectively;
= ~olar radius of gyration;r
0
r y
U
U.
1
U
a'
Ub
=
=
=
=
radius of gyration about y-axis;
\
overall displacement vector;
Eigenvector of overall stiffness matrix;
joint displacement" vectors at joints a and
b, respectively;
= horizontal displacements;
= angles of twisting at ends a and b of a member,
respectively;
= angles of bending about y-axis at ends a and b
.of a member, respectively;
local coordinate ·system;
reduction factors due to axial force
multiplied by elements of member stiffness
ma tr ix (i = x" y, z);
=
= displacements in x, y and z directions,
respectively;
= displacements in y-d ire_c tion at ends a and
b of a member, respectively;
= displacements in z-direction at ends a and
b of a member, re spec tive ly;
=
= reduction factors due to axial force multiplied
by torsional rigidity;
= ro~ational angles about ~, y and z axes,
respectively;
u
x'
uy' u z
u ya' uyb
u
za'
u
zb
x, y, Z
Q' • , ~., y.
l. l. l.
6 • , 'T •.
l. I.
6, li
6 , 0 "x , x
e
x'
ey' 8z
e,xa' 8xb
eya , eyb
= angle of twist.~,
Chapter 4
=
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angles of bending about z-axis at ends a and
b of a member, respectively;
",•. /.".', [
t
.~
,.-
:,' ,:' I
,.
I
A
A., B., D.
1. 1. 1.
a
D
E
G
G(F)
h
h(x)
h
n
H
I
w
I , I
Y z
J
k(F)
area of cross section;
= constants appearing in the expression of
deteriorated stiffness; .
= length of segment of the member used for the
finite difference;
= coefficients appearing in"the apprxoimation
of deflections of a member;
= denominator appearing in the expression of
deteriorated stiffness;
= Young's modulus;
= member end force vectors;
= member end force vectors corresponding to
the applied load vectors pI and p2 re spective ly;,
= nth approximation of·member end force vector
F 1 ;
= shearing modulus of elasticity;
= general yield 'condition;
=. column height;
= general function of x;
= h (x );
n
= horizontal load;
= warping moment o~ inertia;
= moments of inertia;
= St. Venant torsional constant;
= .deteriorated member stiffness matrix due to
member end force vector F;
t
l'
I
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= full plastic bending moments;
= full plastic twisting moment;
twisting moment;
twisting moments due to St. Venant torsion
and warping respectively;
bending moments;
member lengths;
bending moments about y-axis acting at ends
"8 and b of a member, respectively;
= twisting moments acting at ends a and b
of a member, respectively;
=
= bending moments about z-axis acting at
ends a and b of a member, respectively;
= full plastic twisting moments due to St.
Venant torsion and warping, respectively;
= number describing the location of a discrete
point of a member;
=
=
=
=
= deteriorated member stiffness matrices of
a member which connects the joint a with b;
...
-...
kS s s s
. aa'
k
ab , k ba , .kbb
L, 't
M
x
M , M
Y z
Mst MW
x' x
Mst MW
xo' xo
M
xo
M Myo' zo
Mxa ' MXb
Mya ' Myb
M
za'
MZb
n
N
P, PI' Pz
P
x
P , P
Y z
p
xa'
P
xb
pya' Pyb
p
za'
P
zb
= total number of segments;
= applied load vector;
= axial force;
= transverse shear forces;
= axial force acting at ends a and b of a
member, respectively;
= transverse shear forces in y-direction
acting at ends a and b of a member, respectively;
= transverse shear forces in z-direction
..,
acting at ends a and b of a member, respectively;
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= discrete point of a member;
JL
polar radius of gyration;
overall displacement vector;
joint displacement vectors;
displacements in x-direction at ends a and
b of a member, respectively;
nth approximation of overall displacement
1
vee.tor U ;
matrix;
overall displacement vector correspondin~
to applied load vector pl;
element ·of deteriorated member stiffness
radi~s of gyration about y-axis;
=
=
=
= horizontal displacements;
=
=
=
= rdisplacements in X-, y- and z-directions,
re spec tive ly;
= column vector used to obtain each element
of deteriorated member stiffness matrix;
=
= displacements in y-dfrection at ends a and
b of a member, respectively;
=
= displacements in z-direction at ends a and
b of a member; respectively;
= local coordinate system;
= full plastic axial force assuming the cross
section is subjected to simple tension;
= displacements at a discrete point of a
member;
= row vector used to obtain each element. of
deteriorated member stiffness matrix;
x
n
x, y, z
p
xo
r
o
r y
s.
1
u, u
a'
ub
u
x'
u y' u z
u
xa'
u
xb
u ya' u yb
u
z'
u
za'
u
zb
uyn' u zn
v.
1.
Q
u
U1(n)
e , e , e
x y z
Sxa' 8xb
=
=
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rotational angles about x-, y-and z-axis;
angles of twisting at ends a and b of a
member, respectively;
e
.xn
cr
o
,. .
o
= angles of bending about y-axis at ends a and
b of a member respectively;
= angles of bending about z-axis at ends a
and b of a member, respective ly;
= angle of twisting at a discrete point of
a member;
= y.ie ld normal stress;
= yield shear stress.
\7 • TABLE SAND FIGURE S.
-148
-149
TABLE 1 POLYNOMIAL YIELD CONDITION
p /p
. M 1M M 1M Mst/Mst MW/Mw M 1M G(F) 1.0-G(F)
x xo y yo z zo x xo x xo x xo
0.300 0.000 0.893 0.027 0.126 0.153 0.99879 0.00121·
0.300 0.200 0.844 0.027 0.126 0.153 : 0.99709 0.00201
0.300 0.400 0.714 0.027 0.126 0.153 0.99493 0.00507
0.300 0 .. 600 0.487 0.027 0.126 0.153 0.99554 0.00446
0.300 0.720 0.000 0.027 0.126 0.153 . 0.99050 0.00950
0.300 0.000 0.903 0.009 0.378 0.387 0.99776 0.00224
0.300 0.200 0.840 0.009 0.378 0.387 0.99930 0.00070
0.300 0.400 0.700 0.009 0.378 0.387 0.99981 0.00019
0.300 0.600 0 •.447 0.009 0.378 0.387 1.00023 -0.00023
0.300 0.680 0.000 0.009 0.378 0.387 0.99760 0.00240
0.300 0.000 0.915 0.018 0.252 0.270 1.00002 -0.00002
0.300 0.200 0.869 0.018 0.252 0.270 0.99999 0.00001
0.300 0.600 0.500 0.018 0.252 0.270 0.99985 0.00015
0.300 0:720 0.000 0.018 0.252 0.270 0.99725 0.00275
0.300 0.200 0.895 0.000 0.252 0.252 0.99887 0.00113
0.300 0.400 0.764 0.000 0.252 0.252 0.99960 0.00040
0.300 0.600. 0.547 0.000 0.252 0.252 0.99990 0.00010
0.300 0.000 0.860 0.036 0.000 0.036 0.99014 0.00986
0.300 0.100 0.840 0.036 0.000 0.036 0.98695 0.01305
0.300 0.200 0.803 0.036 0.000 0.036 0.98405 0.01595
0.300 0.300 0.746 0.036 " 0.000 0.036 0.98119 0.01881
0.300 0.400 0.659 0.036 0.000 0.036 0.97613 0.02387
0.,300 0.500 0.548 0.036 0.000 0.036 0.'97388 0.02612
0.300 .0.600 0.422 0.036 0.000 0.036 0.98069 0.01931
0.300 0.678 0.000 0.036 0.000 0.036 0.96527 0.03473
0.300 0.000 0.850 0.000 0.504 0.504 0.99750 0.00250
0.300 0.100 0.830 0.000 0.504 0.504 0.99816 0.00184
0.300 0.200 0.7.77 0.000 0.504 0.504 0.99929 0.00071
0.300 0.300 0.710 0.000 0.504 0.504 0.99965 0.00035
O~300 0.400 0.609 0.000 0.504 0.504 0.99996 0.00004
0.300 . 0.500 0.487 0.000 0.504 0.504 1.00008 -0.00008
0'.300 0.600 0.307 0.000 0.504 0.504 1.00041 -0.00041
0.300 0.620 0.000 0.000 0.504 0.504 0.99780 0.00220
0.600 0.000 0.590 0.036 0.000 0.036 0'.98411 0.01589
0.600 0.100 0.577 0.036 0.000 0.036 0.98443 0.01557
0.600 0.200 0.537 0.036 0.000 0.036 0.98565 0.01435
0.600 0.300 0.457 0.036 0.000 0.036 0.98679 0.01321
0.600 0.343 0.057 0.036 0.000 0.036 0.93399 0.06601
0.600 0.000 0.520 0.000 0.504 0.504 0.-99999 0.00001
0.600 0.100 0.500 0.000 0.504 0.504 0.99994 0.00006
0.600 0.200 0.469 0.000 0.504 0.504 0.99986 0.00014
0.600 0.281 0.000 0.000 0.504 0.504 0.99394 0.00606
0.600 0.000 0.657 '. 0.018 0.252 0.270 1.00001 -0.00001
0.600 0.100 0.650 0.018 0.252 0.270 1.00001 -0.00001
0.600 0.200 0.606 0.018 0.252 0.270 0.99984 0.00016
0.600 0.300 0.545 0.018 0.252 0.270 1.00023 -0.00023
0.600 0.396 0.000 0.018 0.252 0.270 0.98325 0.01675
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TABLE 2 PROPERTIES OF SAMPLE FRAMES IN CHAPTER 2
2.5.1
Examples
Beams Columns
2.5.2 2.5.3
A · 2l.n 41. 76 22.94 0.8351 0.075
J · 4l.n 0.4773 2.78 x 10-4
I
w
I y
I
z
z
x
zy
z
z
• 6l.n
· 4l.n
· 4l.p.
· 3l.n.
· 3l.n
· 31n
3403.1
357.0
\
851.2
134.0
0.2419
0.2419
0.3635
0.4039
0.4039
3.906 x 10-4
5.625 x 10-3
3.909 x 10-3
4.688 x 10-3
2
r
o
· 2l.n
h in 180.0 48.0 9.5
t in 36.0 55.6 9.5
E ksi 30000.0 30000.0 30000.0 3000q.O
Cross section 21W142
EG = ----2(1 + 'J)
36.0
Rectangular
36.0
Circular
tube
14Yf78
36.036.0er ksi
o
TABLE 3 PROPERTIES OF SAMPLE FRAMES IN CHAPTER 3
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Examples 3.5.1 3.5.3 3.5.4 3.5.5 3.5.63.5.2
A in2 1.267x 10.. 2 10.0 10.08 ' 14.4 10.59
. 4 -5 140.8 0.215 1.39 0.90J 10 2.474 x 10
I in6 0 46.9 786.43 2073.0 811.1
w
4 -5 67.5 34.18 93.0 23.7I in 1.237xl0
'y
in4 -5 146.0 113." 50 171.9 280.8I 1.237xlO
z
Z in3
--- --- --- --- ---x
Z in3 --- --- --- --- ---y
Z . 3 --- --- --- ---1n ---z
2 2 ' -3 21.35 20.60 25.4 28.75r in 1.953 x 10
0
h in 7.875 156.0 250.0 50.8 120.0
.t = 156.0 ~ = 120.0
t in 10.625 1 234.0 1 152.4 360.0
.tZ= 156.0 .t = 150.02
E ksi 14000.0')'( 30000.0 29000.0 30000.0 30000.0
0" ksi --- ---
--- --- ---0
Cross Circular Box Wide ION49 12W36
Section Rod Flange
G = E 0.3 *v = 0.25\) =2 (1 + v)
TABLE 4 PROPERTIES OF SAMPLE FRA:MES IN CHAPTER 4
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f
,
j
I
4.4.2
Examples 4.4.1 Beams Columns 4.4.3 4.4.4 4.4.5
A in2 12.65 17.64 17.66 7.06 7.06 12.65
IJ · 4 1.06 2.40 2.53 0.35 0.35 1.061n
in6 1950.0 3629.0 .2666.0 258.1 258.1 950.0I
w
I · 4 54.1 47.1 116.5 . 18.2 18.2 45.11ny
I · 4 429.0 984.0 343.7 ·82.5 82.5 429.01n
z
Z in3 33.4 53.24 38.01 14.43 14.43 33.4
x
Z in3 17.2 20.58 35.05 8.52 8.52 17.2y
Z · 3 69.7 122~6 75.1 23.1 23.1 69.7~n
z
2 in2 37.5 58.45 26.06 15.13 15.13 37.5r
0
h in --- --- 144.0 144.9 96.6 113.4
~ in 113.4 144.0 --- 48.3 48.3 113.4
E ksi 30000.0 30000.0 30000.0 30000.0 30000.0 30000.0
cr ksi 36.0 34.0 34.0 36.0 36.0 36.0
0
Cross 14W43 laf60 1ON60 . 8W24 8#24 14'tf43
Section
G = E " = 0.32 (1 + 'J)
VI V2 V3 V4 Vs V6
-20736 1728 1728 1728 10368
-1728 L2 144 L2 144 L2 144 L2 864 L2
-1728 LZ 144 L2 144 L2 144 L2 864 L2
-5174 L2 432 LZ 432 L2 432 L2 2592 L2
-144 L4 12 L4 12 L4 12 L4 72 L4
0 0 0 0 0
-1728 LZ 144 L2 144 L2 144 2 864 L2L
-144 L4 12 L4 12 L4 12 L4 72 L4
D I -144 L4 +B L2 12 L4 0 . A L2 12 L4 2 12 L4 -D L 72 L4 10
L4 L4 L4
BL·
L4 4
1
1 -432 3 r 36 . 3 36 1 36 1 216 L
144 L4 -12 L4 -12 L4 -12 L4 -72 L4
---
0 0 0 0 0
0 0 0 0 0
144 L4 -12 L4 . -12 . L4 -12 L4 -72 L4
0 0 0 0 0
12 L6 _L6 _L6 _L6 6L6
0 0
J l J l 0 J l 0 I I 00 I I 0 0 0 0
Table 5 Vectors Describing Member Stiffness
,
~
VI
La.>
~"":··:f:·:·::·~~·:·:: /···;···Vfit9*fdC·:·· ....,~~"=-~:_.. >,",-'..........""""~~~ •••,.~-- -"'~iiIIliiilIIliiiIIiiil"""""'iIIIiilMoi__'>r-· - w ut r.
V7 _ Va Vg VIO
20736 1728 1728 10368 1728
1728 L2 144 L2 144 L2 · 864 L2 144 L2
1728 L2 144 L2 144 L2 864 L2 144 L2
5184 L2 . 432 L2 432 LZ 2592 L2 432 2L
144 L4 12 L4 12 L4 72 L4 12 L4
0 0 0 0 0
1728 L2 144 L2 144 L2 864 LZ 144 L2
144 L4 12 L4 12 L4 72 L4 12 L4
-B I 144 L4 +B L2 12 L4 A L2 . 12 L4 B2L 72 L
4
B L2 12 L
4
2 432 L4
3 .
36 L4 5 36 L4 216 L4 1 36 L4
144 L4 '-12 L4 -12 ·-4 -72 L4 -12 --L4L
0 0 0 0 0
0 0 0 0 0
L4 L4
.
L4 L4 .L4144 -12 -12 -72 -12
0 0 '0 .0 ' 0
12 L6 _L6 _L6 -6 L6 _L6
Q I I 0 0 0 I I 00 0 I I 0 I I 0 I I 0
Table'5 -Vectors Describing Member Stiffnesses (Cont'd)
,
......
lJ1'
+'
"<"':~."""•••"""'-'.-,,"""""""""""''''''-''-- •• ',-,_.- ._."""',.,....'_ _'""".."""' ·~"""""...,,··.. ·~.. --_·--,··: ,~,,_ ··"""'·,····,·,·,,,:--- IiiIlliiiiilIlllliillii~iIliiiIIIiliii~ .....
VI1 VIZ V13 V14
5184 1 r1728 5184,' 1728 20736 -1728432 L2 144 L2 0 144 L 2 1728 L2 144 L2
0
I I
144 L2 432 ·2 144 L2 1728 L2 -144 L2L
864 LL 432 L2 864 'L2 432 L2 5184 L2 -216 L2
0 I I 12 L4 O· 12 L4 144 L4 . , 12 L4
A8~4 A~ L I I 0 0 0 a 0144 L2 0: 144 L2 -3456 L2 144 L2
L4
I
L4 L4 L40 12 :0; 12 -288 12
A 1.21 0 +A L3 12 L4 A L2 0 +A L3 12 L~ -A -288 L4 A L3 12 L43 0 4 36 L4 5 0 6 36 L4 1 -864 L4 5 36 L4
0 -12 ' L4 0 -12 ·4
I
288 L4- -12 L4L
0 0 0 0 0 0'
o ' 0 0 0 0
L4 1 1-1~. 4 . L~ L4 .0 I I-l~ L 0 -12 J 2880 0 0 0 0
0 I I _L6 0 _L6 24 L6 6-L
0 I I 0
I I
0 0 0 -108 A3 L3
AS
0 I I 0 0 0 0 432 ~3 L
- - -
- - - - -
5
Table 5 Vectors Describing Member Stiffnesses (Cont'd)
I
.~
\JI
lJ1
--.,,-''0='"-', ~"-<,_.~ j ~ 1 eW' :"'1
._""~.. '..
V20 V21 V22 V23 V24
864 10368 1728 2592 864
144 '2 864 L2 -288 L2 216 L2 360 L2'L
360 L2 0 0 144 L2 144 L2
432 L2 1728 L2 0 432 L2 432 L
2
12 L4 0 ... ;." 0 12 L4 12 L4
. 0 0 0
A5 0-432 - L
L2 L2 L
2 A3 L272 864 144 144 L 2 72
12 L4 72 L4 -24 L4 . 12 L4 30 L4
-B L3 \ 30 L
4
-D L 0 B L2 0 A L3 12 L
4
. :Bl L
3 12 L4
1 36 L4 1 144 4' 1 0 3 36 L4 36 L4L
-30 L4 0 0 -12 L4 -~ ---12 . L4
0 -24 L5 0 0 0
-48 Dl L3
D . D
0 -72 --!. L3 0 48 --!. L 3
B
L4
Bl 4
L4
B
-12 1 L4
--72 • 24 L -12 -30 1 "L4
0 0 0 0 0
_L6 0 0 _L6 _L6
0 J 0 0 0 0'0 0 0 0 J L 0
Table 5 Vectors Describing Member. Stiffnesses (Cont'd)
I
......
V'1
........
V2S V26 V27 V28
6912 " 20736 1728 r 1728 1728
576 -2 1728 L2 144 L2 144 L2 144 L2L
0 1728 L2 144 L2 144 L2 144 L2
1296 L2 5184 L2 432 L2 432 L2 432 L2
0 144 L4 12 L4 12 L4 12 L4
0 0 0 0 0
576 L
2 1728 L2 144 . L2 144 L2 144 L2
48 L4 144 L4 12 L4 12 L4 12 L4
-D L21 0 144 L4 -B L2. 12 L4 0 2 12 L4 -A L3 12 L4D1 -A L1 108 L4 432 L4 3 36 L4 3 36 L4 4 36 L4
0 -144 L4 -12 L4 -12 L4
--
-12 L4
-18 L5 0 0 0 0
0 0 0 0 0
-48 L5 -"144 L4 .. 12 L4 ,:",12 L4 -12 L4
0 0 0 0 0
0 -12 6· _L6 _L6 _L6L
0 0 0 0 0
0 0 0 0 0
Table 5 Vectors Describing Member Stiffnesses (Cont'd)
I
......
Vt
(X)
~~.~""".. : ......",,,.. - ........ ;.,:..:,,:~ .......,;:..:c..:.:..:i.:L.);"'~.-i....; ,;..:;;;~,::.:.;..~~~ j:··W{·;k;ii.. ··f' ~..~... o· '.ow·,' ;/ ...;;.:':'.:,;£;.~~~'--, •. .:..:..' v.· ..~·.~...:,.:.'-".k~'
V29 V30 V31 V32 V33
1728 10368 20736 1728 1728 1728
144 L2 864 L2 1728 L2 144 L2 144 L2 144 L2
144 L2 864 LZ 1728 L2 144 LZ 144 LZ 144 L2
432 LZ 2592 L2 5184 L2 , 432 L2 432 L2 432 L2
12 L4 . 72 L4 144 L4 12 L4 12 L4 12 L4
0 0 0 0 0 0
144 L2 864 LZ 1728 _L2 144 L2 144 L2 144 2L
12 L4 72 L4 144 L4 12 L4 12 L4 12 L4
-B L21 12 L4
-D L 72 L
4
0 144 L
4 2 12 L4
-A L2 12 L
4
-A L3 12 L
4
L4 L4
BZ L4
-B L
L4 L4 L41 36
. 1
2).6 432 3 36 5 36 6 36
-12 L4 ~ -72 L4 -144 L4 -12 L4 -12 L4 -12 L4
0 0 0 0 0 0
0 0 0 0 0 0
-12 L4 -72 L4 -144 L4 -12 L4 -12 L4 -12 L4
0 0 0 0 0'
I I-L~_L6 6 -12 L6 _L6 6~ -6 L -L·
a 0 0 0 0 I I 0
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